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The Gortler vortex instability mechanism in a hypersonic boundary layer on a
curved wall is investigated in this paper. Our aim is to clarify the precise roles
of the effects of boundary layer growth, wall cooling and gas dissociation in the
determination of stability properties. We first assume that the fluid is an ideal gas
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326 Y. Fu, P. Hall and N. Blackaby

with viscosity given by Sutherland’s law. It is shown that when the free-stream
Mach number M is large, the boundary layer divides into two sublayers: a wall
layer of O(M?3/?) thickness (in terms of the boundary layer variable) over which
the basic state temperature is O(M?), and a temperature adjustment layer of
O(1) thickness over which the basic state temperature decreases monotonically
to its free-stream value. Gortler vortices which have wavelength comparable with
the boundary layer thickness (i.e. have local wavenumber of order M~3/2) are
referred to as wall modes. We show that their downstream evolution is gov-
erned by a set of parabolic partial differential equations and that they have the
usual features of Gortler vortices in incompressible boundary layers. As the local
wavenumber increases, the neutral Gortler number decreases and the centre of
vortex activity moves towards the temperature adjustment layer. Gortler vortices
with wavenumber of order one or larger must necessarily be trapped in the tem-
perature adjustment layer, and it is this mode which is the most dangerous. For
this mode, we find that the leading-order term in the Gortler number expansion
is independent of the wavenumber and is due to the curvature of the basic state.
This term is also the asymptotic limit of the neutral Gortler numbers of the wall
mode. To determine the higher-order correction terms in the Goértler number
expansion, we have to distinguish between two wall curvature cases. When the
wall curvature is proportional to (2:1:)_3/ 2. where z is the streamwise variable, the
Mach number M can be scaled out of the problem and the boundary layer growth
takes place over an O(1) lengthscale. The evolution properties of Gortler vortices
are then similar to those in incompressible flows. In the more general case when
the wall curvature is not proportional to (2:5)_3/ 2. the effect of the curvature
of the basic state persists in the downstream development of Gortler vortices;
non-parallel effects are important over a larger range of wavenumbers, and they
become of second order only when the local wavenumber is of order higher than
O(M*/4). In the latter case the Gértler number expansion has the first two terms
independent of non-parallel effects; the first term being due to the curvature of
the basic state and the second term due to viscous effects. The second term be-
comes comparable with the first term when the wavenumber reaches the order
M?3/8 in which case another correction term can also be found independently of
non-parallel effects. Next we investigate real gas effects by assuming that the fluid
is an ideal dissociating gas. We find that both gas dissociation and wall cooling
are destabilizing for the mode trapped in the temperature adjustment layer, but
for the wall mode trapped near the wall the effect of gas dissociation can be either
destabilizing or stabilizing.

1. Imtroduction

This paper is an extension of our previous paper Hall & Fu (1989) on the linear
development of Gortler vortices and the reader is referred to that paper for a
more detailed review of the relevant literature. In that paper; we assumed that
the fluid was an ideal gas with the viscosity given by Chapman’s law. It was
found that when a hypersonic boundary layer first loses stability to Gortler vor-
tices, the vortices are necessarily trapped in the logarithmically thin temperature
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On the Gértler instability in hypersonic flows 327

adjustment layer over which the temperature of the basic flow changes rapidly
to its free stream value. In other words, the mode trapped in the temperature
adjustment layer has a smaller Gortler number than any other mode. As a con-
sequence of this region of vortex activity being thin (which leads us to consider
Gortler vortices of small wavelength), the perturbation equations governing the
downstream development of the vortices reduce to ordinary differential equations
within the order of approximation considered if the appropriate ‘fast’ streamwise
dependence of the instability is built into the disturbance flow structure. Thus
the non-uniqueness of the neutral stability curve associated with incompressible
Gortler vortices disappears at high Mach numbers and a unique neutral curve
with distinct left and right branches is obtained.

However, a real fluid has its viscosity given by the more complicated Suther-
land’s law. Although in most of the previous investigations on compressible
boundary layers Chapman’s viscosity law has been adopted as an approxima-
tion to Sutherland’s law, such an approximation is poor for hypersonic flows in
which the fluid temperature varies significantly across the boundary layer.t Thus
it is of interest to investigate how our previous results are modified if the more
realistic Sutherland’s law is adopted. This is one of the problems which we are
addressing in the present paper.

The other problems which we consider are the effects of gas dissociation and
wall cooling on the flow stability. For a hypersonic boundary layer, the temper-
ature near the wall is typically of order M? where M is the free stream Mach
number, and gas dissociation must necessarily take place. Also, in practical situ-
ations, walls can not possibly withstand such high temperatures and they must
be cooled. Thus it is also of special interest to clarify the precise roles of these
two mechanisms in the stability properties of hypersonic boundary layers.

The major difference between Gortler vortices in incompressible and hypersonic
flows is that the presence of the temperature adjustment layer at the edge of a
hypersonic boundary layer where the basic temperature field decreases rapidly to
its free-stream value enables hypersonic Gortler vortices to be concentrated well
away from the wall. In the incompressible case we know from the work of Hall
(1982, 1983), and Denier et al. (1990) that at order one Gortler numbers unstable
Gortler vortices are not localized within the basic boundary layer. At higher
Gortler number the most dangerous Gortler vortices have a wavelength small
compared with the boundary layer thickness and are trapped near the wall. At
order one Mach numbers this situation does not change significantly and the non-
parallel problem has been discussed by Wadey (1993) and Spall & Malik (1989). In
the latter two investigations the non-parallel equations were solved numerically
following the approach of Hall (1983), the main result obtained was that the
neutral position or growth rate of a Gortler vortex is a function of its upstream
history. However, the numerical calculations of Wadey (1993) suggest that as the
Mach number increases the position where an unstable Gortler vortex locates
itself moves towards the edge of the boundary layer. That result is consistent
with what we shall find in this paper.

t However, a referee has kindly pointed out to us that in some instances Chapman’s Law
is a good approximation. Thus for example the hypersonic Rayleigh mode instability problem
discussed by Smith & Brown (1990) compares favourably with for example the calculations of
Mack (1984), who used a combination of the Chapman’s and Sutherland’s laws.
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328 Y. Fu, P. Hall and N. Blackaby

The present paper is limited only to the linear régime of vortex growth; non-
linear aspects of incompressible or low Mach number Gortler vortex growth have
been discussed by Hall (1988), and Wadey (1993). For a detailed account of the
nonlinear régime the reader is referred to the review paper by Hall (1990). Before
going on to discuss the work presented here we also note that hypersonic bound-
ary layers are also susceptible to instabilities not induced by streamline curvature.
Thus, for example, Smith (1989), Cowley & Hall (1990), Smith & Brown (1990),
Blackaby et al. (1993) have discussed the role of Rayleigh or Tollmien—Schlichting
wave instabilities in hypersonic boundary layers. In fact, as we shall see later,
there are quite a few analogies between our results for Gortler instability and
the results for Rayleigh instability given by these authors (e.g. the temperature
adjustment layer is the most dangerous site for both instabilities). Therefore,
any nonlinear investigation of Gortler vortices at hypersonic speeds must allow
for the possible interaction of the vortices with other finite-amplitude instability
mechanisms.

This paper is organized as follows. In § 2 and in the first part of § 3 we discuss the
basic state. Here we discuss the significant changes in the basic state which occur
when Sutherland’s law is used instead of the Chapman law. In particular, the
logarithmically thin temperature adjustment layer found for Chapman fluids is
now replaced by a more complex adjustment layer of O(1) thickness. We shall see
later that this difference will strongly affect the downstream evolution properties
of Gortler vortices.

In §3 we formulate the linear stability problem for a hypersonic boundary
layer and the linear perturbation equations are obtained in the usual manner by
superimposing a Gortler vortex structure on the basic state and linearizing the
Navier—Stokes equations. There are then two modes (as defined in the abstract)
which need to be studied due to the layered structure of the basic state. We
first investigate the mode of Gortler vortices which have wavelength comparable
with the thickness of the temperature adjustment layer. When Chapman’s law is
used, the perturbation equations can be reduced to a set of ordinary differential
equations after the wavelength of the vortices is scaled by the thickness of the
logarithmically thin adjustment layer. However, here we show that because the
temperature adjustment layer is of O(1) thickness (in terms of the boundary layer
variable) when Sutherland’s law is used, non-parallel effects are more pronounced
and their effects are different for different wall curvatures. To be more specific,
when the wall curvature is proportional to (23:)_3/ 2. the curvature of the basic

state only gives rise to an O(M?3/2) wavenumber independent term in the Gértler
number expansion and its effect is not present in the downstream development of
Gortler vortices in the neighbourhood of the neutral position; while in the more
general case when the wall curvature is not proportional to (2.’13)_3/ 2. the curva-
ture of the basic state not only gives rise to an O(M 3/ 2) wavenumber independent
term in the Gortler number expansion, but it also affects the downstream evo-
lution of Gortler vortices in the neighbourhood of the neutral position and thus
affects the determination of other higher-order correction terms to the Gortler
number expansion. Sections 4 and 5 are respectively devoted to the discussion of
these two cases.

In §4, we show that in the special curvature case k(z) = (22)73/2, the Mach
number can be scaled out of the problem and the situation is then similar to that
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On the Gértler instability in hypersonic flows 329

in the incompressible flows. In the O(1) wavenumber régime, the perturbation
equations are partial differential equations and they have to be solved numerically
by a marching procedure. We present our numerical results which show that
neutral curves depend crucially on what initial perturbations we impose and
where we impose them. In the large wavenumber limit, non-parallel effects are
negligible and a simple asymptotic expression is obtained for the Gortler number
in terms of the wavenumber. In §5, we show that because of the persistent effect
of the curvature of the basic state, non-parallel effects are important over a larger
range of wavenumbers and they become negligible only when the wavenumber is of
order larger than O(M'/4). Thus for wavenumbers of order O(M®) with o < %,
the perturbation equations which govern the downstream evolution of Gortler
vortices are partial differential equations and non-parallel effects are dominant.
When a > %, non-parallel effects are not so pronounced and the Gortler number
expansion has the first two terms independent of non-parallel effects; the first term
due to the curvature of the basic state and the second term due to viscous effects.
The second term becomes comparable with the first term when the wavenumber
reaches the order O(M?3/8), in which case another correction term can also be
found independently of non-parallel effects.

To complete our stability analysis, we devote §6 to the wall mode which has
wavelength comparable with the boundary layer thickness. This mode is non-
parallel and neutral curves have to be obtained by solving a set of partial dif-
ferential equations. Our numerical results show that neutral curves, although
non-unique, all decrease monotonically with the wavenumber and tend to a con-
stant value in the large wavenumber limit, thus matching in the large wavenumber
limit with the mode trapped in the temperature adjustment layer.

In §7, we investigate real gas effects and wall cooling effects. We assume that
the fluid is an ideal dissociating gas. After dissociation has taken place, the fluid
becomes a gas mixture. We first determine the constitutive properties of the
gas mixture and then show how our previous results for ideal gases are modified
when gas dissociation is taken into account. We show for the mode trapped in the
temperature adjustment layer that the leading-order Gortler number is decreased
by both gas dissociation and wall cooling and thus we conclude that both these
mechanisms are destabilizing. For the wall mode, neutral curves are not unique
and so we cannot draw any general conclusion. For the case we consider, the
neutral curves corresponding to the two models intersect, so the effect of gas
dissociation can be either destabilizing or destabilizing. Finally in the last section
we give some further discussion.

2. Basic state

Consider a hypersonic boundary layer over a rigid wall of variable curvature
(1/A)k(z* /L), where L is a typical streamwise lengthscale and A is a lengthscale
characterizing the radius of curvature of the wall. We choose a curvilinear coor-
dinate system (z*,y*, 2*) with z* measuring distance along the wall, y* perpen-
dicular to the wall and z* in the spanwise direction. The corresponding velocity
components are denoted by (u*,v*,w*) and density, temperature and viscosity
by p*, T* and p* respectively. The free stream values of these quantities will be

Phil. Trans. R. Soc. Lond. A (1993)
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330 Y. Fu, P. Hall and N. Blackaby
signified by a subscript co. We define the Reynolds number R by

R =ulLpd, /15, (2.1)
and the Gortler number by

G = 2RY?(L/A). (2.2)

The former is always assumed to be large, while the order of the latter will be
shown to be a function of the Mach number. In the following analysis, coordinates
(z*,y*, 2*) are scaled on (L, R~Y/2L, R=1/2L), the velocity (u*,v*,w*) is scaled
on (u’go,R"l/ Zufgo,R’“l/ 2u%.) and other quantities such as p*, T*, and p* are
scaled on their free stream values with the only exception that the pressure p*
is scaled on pX uz? and the bulk viscosity is scaled on p*_ . All dimensionless
quantities will be denoted by the same letters without a superscript *. Then after
terms of relative order 1/R have been neglected, the Navier-Stokes equations
become

—g—'z + gaac—ﬁ(pvg) =0, (2.3)
a2 (- )+ 2 (,02)
g (452) i)+ 3 (52) . o
pepgy = My —1)M? [<%>2+ (—gg— :
e i) |5
+§5% (k?—?) + é% (kg—f : (2.7)

YM?p = (1 +a) pT. (2.8)

Here we have used a mixed notation in which (v1, v2, v3) is identified with (u, v, w)
and (z1,x2,z3) with (z,y, z). Repeated suffices 3 signify summation from 1 to
3. The functions A, k, ¢, and h denote in turn the bulk viscosity, the coefficient
of heat conduction, the specific heat at constant pressure and the enthalpy per
unit mass. The constants v, M and o are in turn the ratio of specific heats, the

Phil. Trans. R. Soc. Lond. A (1993)
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Mach number and the Prandtl number defined by

2 *2

*

=P g2 Yoo Yoo o Hoolpoo

7 ’ ToRTE 2 7T ke
Y o oo 00

where R is a gas constant and as, = y/YRT is the sound speed in the free stream.

Finally, the function « in the equation of state (2.8) denotes the percentage
by mass of the mixture which has been dissociated. Later in §7 we shall give
the expression for « for a specific dissociation model used in our discussion. In
equations (2.4)—(2.7), the operator D/Dt is the material derivative and it has the
usual expression appropriate to a rectangular coordinate system.

The basic state is given by

(u7v7w) = (ﬂ(x,y),ﬁ(x,y),O), T = T('r7y)v }
p=ﬁ(93,y), ,u:ﬁ(ac,y).

By substituting (2.9) into the governing equations (2.3)—(2.8) it is straightfor-
ward to obtain the reduced equations satisfied by the basic state. The reader is
referred to the book by Stewartson (1964) for a detailed discussion of these basic
state equations. If we define the Howarth—Dorodnitsyn variable § and a similarity
variable 1 by

(2.9)

Y _
_ _ Y
= dy and = —, 2.10
g Apy "= e (2.10)
then the continuity equation is satisfied if 4 and ¥ are written as
1 1 m1
a=f'(n), 17:———[—: +f /~d]. 2.11
f'(n) T 5/ f@)oﬁn (2.11)
Here the functions f(n) and T'(n) must satisfy
£+ (eaf") =0, (2.12)
o kT + e fT' + a(y — )M?p(f")? =0, (2.13)

if the z-momentum and energy equations are to be satisfied. These equations

must then be solved such that f, f’ vanish at the wall, f/, T'=1 at infinity and
either 77 = 0 or T specified at the wall. The y-momentum equation gives

85/0y = 0

to leading order so that 7 = p(z). In our following analysis, we assume that
there is no pressure gradient along the streamwise direction and therefore p =
const. = 1/(yM?). Furthermore, it can be seen from (2.3)—(2.6) that the pressure
perturbation should be of order 1/R and therefore equation (2.8) reduces to

14 a(T)]pT =1, (2.14)

with the neglected term on the right-hand side being of order M?/R. Note that
in obtaining (2.12) and (2.13) we have not made any constitutive assumptions,
so that they are valid for dissociated gases (to be discussed in §7) as well as for
undissociated ideal gases (to be discussed in §§3-6).
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3. The strongly unstable inviscid mode

We first assume that the fluid is an ideal (one-component) gas undergoing no
dissociation, so that & = 0. Then we can assume that (i) the specific heats are
constants; (ii) the coefficient of heat conduction is linearly related to the shear
viscosity; and (iil) the enthalpy & is given by h = ¢,T. These assumptions lead
to the results

k=g, ¢=1, p=T" (3.1)
(Note that all of these quantities have been non-dimensionalized.) Then the basic
equations (2.12) and (2.13) simplify to

"+ @ET1 ") =0, (3.2)

o N ET ') + fT' + (y = )M?T(f)? = 0. (3.3)
These two equations can then be solved if we make an constitutive assumption
about the viscosity fi. In the previous paper, Hall & Fu (1989), we used Chapman’s
viscosity law. Here we use Sutherland’s viscosity law, the dimensionless form of
which is given by
i= (14 m)T3? /(T + ), (3.4)
where 7 is a constant. Equation (3.4) is exact in the sense that it is derivable from
the kinetic theories of gases (see Chapman & Cowling (1970) for a discussion of its
validity, also compare (3.4) with (7.9)). At high Mach numbers we know from the
work of for example Freeman & Lam (1959) that the basic state splits up into two
distinct regions. Near the wall a boundary layer forms in which the downstream
velocity approaches its free-stream value of unity while the temperature decreases
from its value at the wall and ultimately decays algebraically at the edge of the
layer. In the next region this algebraic decay is taken up and the temperature
then approaches exponentially the free-stream value of unity. Here we shall refer
to the layer near the wall as the inner region and the temperature adjustment
layer as the outer region. It can be shown that the inner and outer regions are of
thickness of order M ~1/2 and 1, respectively. Thus in the inner region, we define
Y, T and F(Y) by

Y =MY2%), T=M72T, FY)=MY?%f. (3.5)
Then equations (3.2) and (3.3) give

(14m) (F”/\/%)l + FF" =0, (3.6)

1+m(:f“’ o (3.7)

)l 7/ (F //)2
—= | +FT"+(y-1)(1+m)—=
o \VF VT
to leading order. These equations are to be solved numerically subject to the
conditions

F(0) =F'(0)=0, T(c0)=0, F'(c0)=1,
T'(0) = 0 if the wall is thermally insulated, (3.8)
T(0) = nTy if the wall is under cooling,

Phil. Trans. R. Soc. Lond. A (1993)
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0161

—— ideal gas model
----- real gas model
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asymptotic result
004 /=

basic state temperature in the wall layer

the wall layer variable, Y

Figure 1. Basic state temperature in the wall layer for two models.

where T, is the wall temperature scaled on M?T,, when the wall is thermally
insulated and n is the wall cooling coefficient. Throughout this paper, we assume
that n = O(1). Thus the cooling we consider only modifies the basic state prop-
erties quantitatively and is mild compared with the severe cooling, considered
by Seddougui et al. (1991) in the context of Tollmien—Schlichting wave instabil-
ity, which drastically alters the basic state structure. The latter authors showed
that severe wall cooling can have a significant destabilizing effect on Tollmien—
Schlichting waves.

In figure 1 we have shown the results of our numerical integration of the wall
layer equations (3.6) and (3.7). The temperature profiles are plotted for three
values of the wall cooling coefficients: n = 0.2, 0.6 and 1.0 and were calculated
with v = 1.4, o0 = 0.72, 7 = 0.509. The asymptotic profile for large Y given by
equation (3.10) is also plotted there for comparison.

For large Y, equations (3.6) and (3.7) have the asymptotic solutions

D
F=Y =B+ —Qgum T (3.9)
- 9(1+m)? 1
==t (3.10)

where both 8 and D are to be determined by a numerical calculation. The nu-
merical values of 3 corresponding to four values of the wall cooling coefficients
are listed in table 1 together with the values of F"(0), 77(0) and 7(0).

The asymptotic expressions (3.9) and (3.10) imply that in the region n = O(1),
f and T expand as

B f(n)
f=n- W2 T pReti (3.11)

Phil. Trans. R. Soc. Lond. A (1993)


http://rsta.royalsocietypublishing.org/

\

\

%A

A

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
\
)

/

A

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

334 Y. Fu, P. Hall and N. Blackaby
Table 1.

n= 0.2 0.4 0.6 0.8 1.0

F”(0) 0.1517 0.1997 0.2317 0.256 0 0.2758
77(0) 0.018192 0.017976 0.013909 0.076872 0

T(0) 0.0328  0.06572  0.09858  0.13144  0.1643
8 3.1808 2.8366 2.6301 2.4840 2.3721

T=T@n)+--. (3.12)

On substituting (3.11) and (3.12) into (3.2) and (3.3), we obtain to leading order
T A

(1+m) (-1:\/_ ”> +nf" =0, (3.13)

S SII

/
(1+m) (T+ ; T’) +nT" =0, (3.14)
g m

These two equations are to be solved numerically subject to the matching condi-
tions
P D L 9(1+m)? 1
o+ m7 L,

as n— O, f("?) ~ ,'7377 T~ ) (315)

o2
and the conditions at infinity /

f'(00) =0, T(c0)=1. (3.16)

The result from such a numerical calculation with m = 0.509 is shown in figure 2.
In this figure the asymptotic result is the one given by (3.15).
It can be shown from (3.13) and (3.14) that

. D o 1/ 3 T -\ 1-1/c N
f(n) = m (E) (; + 1) ( \j%n) (=T )1/ , (3.17)

so that after (3.14) has been solved numerically, the function f”(n) can be com-
puted easily from this equation. Also, we note that while the solution of (3.14) is
independent of the inner region solution and thus of the conditions at the wall,
the function f is dependent on the inner region solutions through the matching
constant D.

We now assume, as in Hall & Fu (1989), that the flow is perturbed to a span-
wise periodic stationary vortex structure with constant wavenumber a. The lin-
earized stability equations for these Gortler vortices are then found by linearizing
the Navier—Stokes equations (2.3)—(2.8) about the basic state and retaining the
leading-order terms in the high Reynolds number limit. We obtain

“HaUy + 0Uy) + (Aa® + 4, T~ U — (aUy)y + T~ 'a,V
— T %(aty + vay) + (fiy)y}T — i, T, =0,  (3.18)
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Figure 2. Basic state temperature in the adjustment layer. (a) Numerical calculation; (b)
asymptotic result for small 7.

T~ + kGG)U + 2y Uy — 3104y — iUy + TV, + 0V,
+ (ga® + o, T~V — (aVy)y + Py
— [T72 (a0, + 00y + $6GU?) + & iligy — 2fiyls + 5 (A0y)y + fizty]T
— [ty Ty — [—2fitiy + 50y Ty + 201, iaW — 2iapW, = 0, (3.19)

~—

fiziaU + iUy + fiyiaV + LfiaVy — iaP — Zfi(tg + 0y)iaT
— T~ aW, + 0Wy) — 4ua®W + (AW,)y =0,  (3.20)
2T 3(aTy + 9Ty)T — T~ %(tg + 0y)T — T~ (aTy + 0Ty)
+ T YU+ V) =T 2(ToU + T,V) +ia(WT™ 1) =0, (3.21)

TT,U - 2(y — M2, U, + T T,V + T~ HaT, +9T,) + (i/o)a*T
_{T_2(ﬂTm + @Ty) +(v— 1)M2/~“1§ + U~1(ﬁTy)y}T
—o YiT Ty — o™ (aTy)y = 0. (3.22)
Here ji = dji/dT, while (U,V, W), P and T denote the vortex velocity field, pres-
sure and temperature, respectively. Equations (3.18)—(3.22) differ from equations
(2.11 a—e) given in Hall & Fu (1989) only in that the bulk viscosity is taken to be
zero here; that assumption is actually implied in that paper.
It was shown by Hall (1982) that in the incompressible case the neutral curve

for small wavelength vortices has G ~ a* and that the vortices are confined to a
layer of depth a~1/2 where the flow is locally most unstable. Hall & Malik (1989)
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extended this approach to the above system for M = O(1) and wrote

G = goa* + gia® +---.

They found that the leading-order growth rate a?6* has §* given by

_2 _2T JE—
o= (“ v _ 3”—?’) do. (3.23)

o oT3  oT2

In the neutral case, 6* = 0 and (3.23) then determines the neutral Gortler number
go as a function of 7. The most unstable location n* is where gg has its minimum.
In Hall & Fu (1989), it is found that when Chapman’s law is used, n* moves away
from the wall as the Mach number increases. It is also found that the basic state
temperature is O(M?) over most of the boundary layer and decreases rapidly to
its free-stream value over a logarithmically thin adjustment layer sitting at the
edge of the boundary layer. It is in this thin layer that n* lies and hence where
go has its smallest order of magnitude in the large Mach number limit. Thus it
is concluded that the thin temperature adjustment layer is most susceptible to
Gortler vortices. From the preceding discussion in this section we see that when
Sutherland’s law is used, the logarithmically thin temperature adjustment layer
corresponding to Chapman’s law is now replaced by a more complex temperature
adjustment layer of O(1) thickness. If we still use (3.23) with 6* = 0 to calculate
the orders of go in the inner layer n = O(M -1/ 2) and the outer temperature

adjustment layer n = O(1), we find that go = O(M'%/2) in the former and
go = O(1) in the latter. Hence once again the temperature adjustment layer is
most susceptible to Gortler vortices with wavenumber of order one or larger.
It should be noted, however, that the above conclusion is based upon a large
wavenumber argument. In §6 we show that the wall layer n = O(M~1/2) is

actually of order M3/2 thickness in terms of the physical variable y. Thus Gortler
vortices with wavelength comparable with the boundary layer thickness must be
trapped in the wall layer and have a = O(M —3/2). It is shown in § 6 that this wall
mode has neutral Gortler number decreasing monotonically and has the centre of
Gortler vortex activity moving towards the temperature adjustment layer as the
wavenumber increases. Therefore, the minimum Gortler number corresponds to
the mode trapped in the temperature adjustment layer and the latter is indeed
the most dangerous mode when the whole range of wavenumbers are considered.
It should also be noted that the result go = O(1) for the temperature adjustment
layer is obtained by taking the large Mach number limit of the O(1) Mach number
and large wavenumber results. By doing so we have actually missed a term in the
y-momentum equation related to the curvature of the basic state which is not
important for the case M = O(1) and a > 1, but is important in the large Mach
number limit. As we show later on (see also Hall & Smith 1991), the curvature of
the basic state produces an effective Gortler number of order M?3/2 in the absence
of wall curvature so that instability can not occur for gg = O(1).

(a) The strongly unstable inviscid mode

Let us first confine our attention to the mode trapped in the temperature
adjustment layer. It is easy to show with the aid of expressions (3.11) and (3.12)
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On the Gértler instability in hypersonic flows 337
that in this temperature adjustment layer,
Wiy + 00y = —(22) 732 [BM3/% + T’ [oT — n*T"] + o(1), (3.24)
where
B jim M3/ / " () dn. (3.25)
M—o0 0

The first term on the right-hand side of (3.24) is the term the importance of which
has been mentioned earlier. An investigation of the y-momentum equation (3.19)

shows that the Gértler number must be of order M3/2 to enter the leading-order
analysis. Thus we write

Lk(2)G = G*(z)M3/?, (3.26)
so that for a given constant Gortler number G we compute G*(z) by using
G*(x) = $r(x)GM /2, (3.27)
For convenience, we also define another function Q(z) by
Q(z) = B(2z) 7%/, (3.28)
so that
Wy + 00y + $6(2)GE? = (G* — Q)M + o(M3/?). (3.29)

With the use of this relation, we can deduce from the perturbation equations
(3.18)—(3.22) that

V =0M*¥4T), W =0M3*T), P=0M>3*T), U=O0M['T),

(3.30)
and that for fixed 7,

80z = O(M3/*),

where M1 fof /M 3/20+1/2 \We therefore look for asymptotic solutions of the
form

7 = oxp (M3 Bla) de) {To(o,n) + M/ Ty (o) +--),

U= M exp <M3/4 B(x dac) {Uo(z,n) + M~3/*Uy (z,n) + - -},

V = M3 exp <M3/4 B(x d:c) (Volz,n) + M73/*Vy(z,n) + -}, (3.31)
) o) {(Wola, ) + M3/ Wi () + -}

W = M3/*exp <M3/4 B(x) dz

7

where the spatial amplification has been taken care of by using the WKB method
and B(z) is the local growth rate to be determined. On substituting (3.31) into
(3.18)—(3.22) and then equating the coefficients of like powers of M, we obtain a
hierarchy of equations. To leading order, we find that Vj satisfies the differential

Phil. Trans. R. Soc. Lond. A (1993)


http://rsta.royalsocietypublishing.org/

a
/,// \\
/

A
( P 9

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

"/\\
A Y

A

i \

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

338 Y. Fu, P. Hall and N. Blackaby
equation
PVo 2T Vo a0 k2 _
——— =k T*Vy = G —Q)T'Vy, 3.32
while Ty, Wy and Py are related to Vg by
T 1 oV BV2z 0V}
To = —_—Vy, aWy=——re—=—rr—, Po=——m—, 3.33
0 \/Q—a; 0 0 Voo T on 0 7272 on (3.33)
and Uy does not appear in our leading-order analysis. Here - \/ 2z a is the

local wavenumber. Equation (3.32) subject to V; vanishing at n = 0,00 is a
Sturm-Liouville problem which has solutions if

(G* - Q)T /32 <.
This means that
B2>0 if G*>Q, B*<0 if GF<Q,

since T" < 0. It then follows that neutral stability (8 = 0) occurs at the position
T = T, Where

G*(zn) = Q(zn) (3.34)

at zero order. Therefore, in view of the definitions (3.27) and (3.28), the neutral
Gortler number has the expansion

2B
G= WM 3/2 4 higher-order correction terms. (3.35)

On comparing this expression with Hall & Fu’s (1989) equation (3.7), which is
valid for Chapman’s law fluids and in which the first term on the right-hand side
is of order M2, we can immediately conclude that using Chapman’s viscosity law
predicts a larger Gortler number than using Sutherland’s viscosity law.

For the rest of this paper we shall take G to be the zero-order approximation
to the critical inviscid Gortler number, thus Gy is obtained by retaining only the
first term on the right-hand side of (3.35). An important point concerning (3.35) is
that the first term on the right-hand side is independent of x,, if the wall curvature
varies like z73/2; in the latter situation non-parallel effects dominate and the
vortex growth rate is smaller. Thus to determine the higher-order correction
terms to the neutral Gortler number, we have to distinguish two cases: (i) k(z) =
(22)73/2 and (ii) k(z) # (22)~3/2. They will be treated separately in the next
two sections.

On the other hand, equation (3.32) can also be interpreted as an eigenvalue
problem which determines the growth rate 5(z) at a given value of x correspond-
ing to any wavenumber k. The appropriate boundary conditions are deduced as
follows. As n — oo, T'— 1 and equation (3.32) reduces to

2
Vo —k*Vy =0,
on?
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V2xB G Q)

local wavenumber, &k

Figure 3. The dependence of the eigenvalue v/ 2232 /(G* — Q) of (3.32) on the local wavenumber
k, which agrees with the results from asymptotic analysis that as k — 0, V2262 /(G* — Q) is of

order k; while as k — 0o, v2/3%/(G* — Q) tends to the constant 0.5786. (a) Numerical result; (b)
asymptotic result.

so that Vp ~ exp(—kn) and the asymptotic condition

A

5y tR=0 (3.36)

should be imposed at ‘infinity’. As n — 0, T — A%/n* where from (3.15b)
A =3(1+m)/o. Equation (3.32) reduces to

PVo 80V kAL (GT-Q)k* 447

o> "mon T wpr WP

which has the solution

Vo, (3.37)

Vo ~ exp(—kA?/3n%). (3.38)
Hence the asymptotic condition
Vo kA2
— ——W =0 3.39
o gt 0 (3.59)

should be imposed at ‘zero’ (which is taken to be some small value in numerical
calculation).

The eigenvalue problem (3.32), (3.36) and (3.39) was solved numerically by
using a fourth-order Runge-Kutta method. In figure 3, we have shown the de-
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pendence of the growth rate on the local wavenumber. The plot clearly shows that
as k — 0, 32 — 0 while as k — oo, 82 — const. These features are also borne out
by the asymptotlc analysis given in the following subsection. The inviscid mode
we have described above therefore has growth rate proportional to M3/4 and we
refer to it as the strongly unstable inviscid mode. We note that when G* = @
the growth rate vanishes. In this case it is necessary to look for evolution of the
vortices on a shorter lengthscale in the streamwise direction; that problem will
be addressed later in this paper and we shall refer to the inviscid mode in that
régime as the near neutral inviscid mode.

(b) The small and large wavenumber limits of the strongly unstable inviscid
mode

First, we note that as k& — 0, we are approaching the scalings for the wall
mode (see §6) which has wavenumber k& ~ O(M ~3/2) and which is trapped in
the wall layer. Thus Gortler vortices are appropriately governed by (3.37). The

solution (3.38) shows that vortices decay to zero in the thin layer n = O(k'/3)
near the wall. This is also verified by the obvious shift to the left of the first mode

eigenfunctions in figure 4 with decreasing k. It can then be deduced from (3.37)
that 42 has to be O(k) to enter the leading-order analysis.
Next, in the large k limit, a WKB analysis of (3.32) shows that Gértler vortices

will be trapped in an 0(12_1/ 2) thin layer centred at 7 = 1* where 2 has a
maximum. Thus we introduce a new variable ( by

C=k"m—n"), (3.40)
expand (G* — Q)/(v2x 3?) as
G —Q - -
—W:/\(ﬁrk V2x 4k g+, (3.41)

and look for solutions of the form
Vo(w,m) = Vg (2,Q) + k/2V3 (2,0) + b Vi (2, O) + - . (3.42)

On substituting (3.40)—(3.42) into (3.32), equating the coefficients of like powers
of k, and then solving the resulting set of equations, we find that to leading order,
Ao is determined as

Xo = =T%(n*)/T' (n"). (3.43)

At order k=12, )\, is determined as Ay = 0 if we insist that 3% attains its
maximum at 7 = n*. At order k=1, V) is found to satisfy the parabolic-cylinder
equation
aQVOO
9¢?

—1V9 —aVy =0, (3.44)

where
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_ a2 1\
5=\/§T(n){mw<>\—o)} ¢,

(
. AQT/(T]*> 1 d2 (i) —1/2
212(n*) | 277 (n*) d** \ Ao '
If we impose the condition that the disturbance is confined to the k~/2 layer

we must choose a = —% — s, where s is a non-negative integer. This condition
determines the infinite sequence of eigenvalues

1+2s d?2 1
A2 = Aas = Ao ~ \ = (-) (3.46)
s /—2T/(’I’]*) d?’] 2 /\0

The eigenfunctions corresponding to the eigenvalue Ags are given by

(3.45)

VY = Ve, = e 3¢ Hey(€), (3.47)

where Heg(€) is a Hermite polynomial. ~
With the aid of the numerical values for T" given earlier in this section, we find

that
V2 32
G*—Q
and that n* = 2.3228. Both these numerical values and the concentration of
vortices in an O(k~1/2) region are confirmed by the numerical results shown in
figures 3 and 5.

In closing this section, we note that results given here for hypersonic flows are
in sharp contrast with related results for incompressible flows. In a recent pa-
per, Denier et al. (1990) have discussed the spectrum of the large Gortler number
eigenvalue problem. It was found that the inviscid Gortler vortex eigenvalue prob-
lem has an exact solution with the spatial growth rate increasing monotonically
from zero and tending to infinity at large wavenumbers. In the high wavenumber
limit viscous effects become important when the wavenumber is O(G'/5) and a
maximum growth rate is achieved in that régime with the growth rate tending
to zero in an O(G'/4) régime as discussed by Hall (1982). At small wavenumbers
the growth rate tends to zero and the vortices spread out above the boundary
layer. In fact when the wavenumber is O(G“l/ ) an eigenvalue problem related
to that for Tollmien—Schlichting waves is recovered but at even smaller wavenum-
bers non-parallel effects dominate and the problem must be solved numerically as
in Hall (1983). The major difference we have found above for hypersonic Gortler
vortices is that the growth rate tends to a finite value as the local wavenumber
tends to infinity; we shall see later that this has a significant effect on the way in
which viscous effects come into play at high wavenumbers.

142
— 0.5786 {1 —0.5207 J; Sy } , (3.48)

4. Neutral instability with x(z) ~ (2z)73/2

We now proceed with the determination of the higher-order correction terms
in the neutral Gortler number expansion (3.35). In the case when the curvature
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Figure 5

1.0 : 10
0.81 (d) 08 -
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Figure 4. The eigenfunctions of (3.32) corresponding to a set of decreasing wavenumbers k. Asymp-

totic analysis shows that as k — 0, vortices are confined to a wall layer of O(k'/3) thickness
and V, tends to a constant when moving away from the wall layer. (a) £k = 1; (b) k = 0.1; (c)
k=0.01;(d)k = 0.001.

Figure 5. The eigenfunctions of (3.32) corresponding to a set of increasing wavenumbers k. Asymp-

totic analysis shows that as k — oo, vortices are confined to an O(l}‘l/ 2) thin layer centred at
n = 2.3228, where —1"/T? attains its maximum. (a) k = 15; (b) k=6; (c) k=2; (d) k = 1.

k(z) = (22)73/2, G*(z) = Q(x) and the O(M3/2) term on the right-hand side
of (3.29) vanishes for all z. The implication of this is that for this special distri-
bution the curvature of the basic state is exactly counteracted by wall curvature
over an O(1) interval in z, in the more general case that is only the case over
an asymptotically small interval. An investigation of the perturbation equations
(3.18)—(3.22) with the aid of the equations (A 1)—(A 5) given in Appendix A then
reveals that the neutral Gortler number must expand as

G =2BM3? + G + o(1), (4.1)
and that the perturbation quantities have relative orders
U=0M;'V), T=0(V), W=0(), P=0(V),

where G = O(M?) is to be determined. We therefore look for the following form
of solutions for (3.18)-(3.22):

U=M'"U@n)+-, V=Vn)+--, W=W(n)+ -, } (4.2)
P=2x)"Y2P(x,n) 4, T=+2z0(z,n)+- -, ’

where the insertion of the factor +/2x is purely for convenience.
On substituting (4.2) into (3.18)—(3.22) and then equating the coefficients of
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like powers of M, we obtain, to leading order,

0 <ﬁ8U>+n8—U—ﬁT7c2(7—2x‘z—U

8—17 Ta—n on z
_ 2x{f—_ﬂv+ [%f”—a% (ﬂ,}i// }é— ﬁ{;/l—a—g}, (4.3)
‘?9_1; = "??VM‘Z—‘; — [k*TV + ga%- (%%)
—%gnT’-a- — 2pT'ikW + %ﬂa%(lkW) - wg—‘; (44)
2 (%Q%VK) A
— 2 T"ik6 — 7788—?;/ + ApkTW + 237%%/—, (4.5)
%<%>+%—qg=—il§ﬁ/+<l+g>g+¥g—j (4.6)

10 (pofy) T’ 00 T’ -
;an(?—n>—‘(”+7f>a—n+?v
s ~ it 0
AN (ez;) . esz] co:? )
o Oz

Here & % /2za. It can be seen that (4.4)-(4.7) are independent of U and
the latter is determined from (4.3) after (V,W,T, P) have been determined.
Since these leading-order perturbation equations are parabolic with respect to
the variable z, they have to be solved by specifying the perturbation quantities
at a given upstream position and then marching downstream. We therefore expect
that neutral stability would depend crucially on what initial conditions we impose
and where we impose them. However, before we present our numerical solutions
of these equations, we first consider a special case: the large wavenumber limit
for which a simple asymptotic solution is possible.

(a) Large wavenumber limit

In the large wavenumber limit, the lengthscale over which vortices vary is small
compared with the lengthscale over which the boundary layer grows. Then we
expect that non-parallel effects do not come into our leading-order analysis. This
is indeed the case, as we show below.

For large k, vortices are confined to a thin layer of O(e'/?) thickness centred
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on n = n*, where

e ¥k, (4.8)

and where n* is the most unstable position to be determined in the course of our
calculation. We therefore define a new variable ¢ by

¢=em—n").
An investigation of equations (4.3)—(4.7) shows that when € — 0,
0=0(2V), W=0(/2V), P=0(1?V),
G=0(1/eY), 8/8x=0(1/e). }
Hence we look for the following form of asymptotic solutions for (4.3)—(4.7):
G =e4Go+€/2G1 +€Ga + /2G5 + - ),
V="WVo+el2Vi4+.-)E, W= (?Wy+ W, +--)E, (4.10)
P=(cY2Py+P +--), 0=(c20p+¢/26, +--)E,

(4.9)

where

E—@m{ /(mw%m”%m@+~aw}, (4.11)

and where Vg, V1, etc., are functions of ¢ and x. Note that E here represents the
fast variation of the perturbation quantities along the streamwise direction while
the dependence of Vi, Wy, etc., on = represent the slow variation of perturbation
quantities due to the non-parallel effect of the boundary layer growth. In effect we
have described the fast variation of the disturbance by a WKB type of expansion
in the streamwise direction. Here we are only concerned with neutral stability,
so we set Bp = 1 = [2 = 0. On substituting (4.10) into (4.3)—(4.7) and then
equating the coefficients of like powers of €, we obtain a hierarchy of matrix
equations. To leading order, we have

O'Tl . 1 0V, o Vo 2” TO
bo= —ZhVo, Wo=—m 0, Py=-HC0 gy 000 (419
0= g W= Tgae TRy 0= o o W)
where Ty = T'(n*), Ty = T'(n*) and fig = i(Tp). To next order, we deduce that
G, =0. (4.13)
At next order we find that Vj must satisfy the parabolic-cylinder equation
Vo .
oz 1V —avp =0. (4.14)
Here
T} 272 (0°G
= AVt G =Gy A2 A= 20 0 . 1
C ¢ y @ 26ﬁ%T02 ) 3G0 87]2 . (4 5)

If we impose the condition that the disturbance is confined to the €'/2 layer we
must choose

~ 1
a=-5—5 s8=0,1,.... (4.16)
Phil. Trans. R. Soc. Lond. A (1993)
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On the Gértler instability in hypersonic flows 345
The smallest G corresponds to s = 0 and we then have from (4.15b) that

3G, 32G0) V2 (4.17)

o= (3755

The centre of vortex activity * is determined by the condition that Gy attains
its minimum there:
oG
<—°) = 0. (4.18)
o )

After solving (3.14) numerically for the basic state temperature 7', we then use
(4.12d) and (4.18) to determine n*, and (4.12d) and (4.17) to determine Gy and
Go. We find that

n* =3.001, Go=15.4834, Gy =34.3175,

n=n*

so that
G = 15.4834k" + 34.3175k% + - - . (4.19)

Finally, we remark that the above analysis is valid as long as the local wavenumber

k = v/2za is large. This means that the far downstream evolution of Gértler
vortices can always be described by the above theory.

(b) Numerical results for k ~ O(1)

When the wavenumber is O(1), the perturbation equations (4.3)-(4.7) are para-
bolic with respect to z and they have to be solved numerically subject to some
initial conditions imposed at some upstream position Z. For computational pur-
pose it is convenient to eliminate P and W among (4.4)-(4.5). After some ma-
nipulation, we obtain

104V 2z 83V 42T’ 0%V k2T2 oV &

_ 2 el _ — QL — : 4.2
T On* + g Oxdn?  pT Oxdn i or ;az’ (4.20)
L 020 (gl 2T 80 T o0
adihding _ - 7o Qp—
oT o2 <UT2 o o T T T e
nT' 10 (BT'\ | Bprz2| g
+ [1+ T o\t “Tk?| 6, (4.21)

where the expressions for a; are given in Appendix B to this paper. The finite
difference scheme used here is similar to that used by Hall (1983), Wadey (1993)
for incompressible flows. The reader is referred to the latter papers for a more
detailed discussion. Our implementation of the numerical scheme is as follows.
We first specify V, U and 6 at a given upstream position . Then we use the
finite difference scheme to march downstream and thus calculate the evolution of
the initial perturbation with respect to the streamwise variable x. The position of
neutral stability is defined as the place where a certain energy measure has zero
growth rate. We use the following five energy measures to monitor the energy

Phil. Trans. R. Soc. Lond. A (1993)
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variation:
o0 - o0 - _
B = / 0% dy = Ve / 02T an, (4.22)
Ooo - - 0 oo L ~ _
By — / (V2 +W?) dy = vz / (V2 + W2)Tdn, (4.23)
OOO - o0 ~_ O -
Fs = / V376 dy = 2z / 0T dn, Fa = Umas, (4.24)
0 0

o~ (o0 1 (1 {80
E:/ —2d:——/ 2 (%Y \2q,, 495
>~ Jo (8y> Y= Vs Jo T<6n> 7 (4.25)

We give results for several measures of the vortex strength to show the rela-
tively large variation of growth rates associated with different flow quantities.
Depending on the initial conditions and on which energy measure we use, the
disturbance can either grow or decay initially. In the former case, there is only
one neutral position corresponding to each pair (k,G): the energy will reach a
maximum at some downstream location and then decay to zero monotonically.
The corresponding neutral curves only have right branches. The region on the
left of a neutral curve is unstable and the region on the right is stable. In the
latter case, if the Gortler number is large enough, there are always two neutral
positions: the energy will reach a minimum at some downstream location, then
grow to reach a maximum and finally decay to zero monotonically. The corre-
sponding neutral curves have distinct right and left branches. The region above a
neutral curve is unstable and other regions are stable. For the special curvature
case discussed in the present section, the flow is always stable for x > 1, since
according to the asymptotic result obtained in the previous subsection, the flow
is neutrally stable where G ~ k* for k£ > 1 so that x(x) must increase at least as
quickly as /2 if the vortex is to be unstable for z > 1.

At a neutral position, we calculate the local wavenumber k and local Gértler
number G, defined by

az =k=+2za, G,=rx)22)%%G=3G. (4.26)

By fixing a and varying G, we obtain a series of such points (k, G;) and thus
plot a neutral curve. In our calculation, a is fixed at 0.1; the step lengths along x
and 7 directions are taken to be 0.1 and 0.05 respectively; and the lower boundary
of the O(1) temperature adjustment layer is taken to be 0.8 while infinity is
approximated by 20.8.

In figures 6-12, we have given the results of our numerical calculations. Figure 6
shows five different neutral curves obtained when we use the five different energy
measures (4.22)—(4.25) to monitor the energy growth. Figure 7 shows three dif-
ferent neutral curves which are obtained when we impose three different initial
conditions at the upstream position Xg = 20, while figure 8 shows three different
neutral curves which are obtained when we impose an initial condition at three
different upstream locations. In two of these graphs, we have also plotted the two-
term asymptotic result (4.19). As we expect, although these neutral curves have
distinct left branches, their right branches all converge to the unique large local
wavenumber limit. We can see from figure 8 that as the initial location of the dis-
turbance moves towards the leading edge, the neutral curves move progressively

Phil. Trans. R. Soc. Lond. A (1993)
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local wavenumber
Figure 6. Neutral curves obtained when we impose the following initial conditions at the upstream
position, Xo = 60: U = e_l/"4e_"/n, V =0, § = nU. Energy measures: (a) Es; (b) Ey; (c) Es;
(d) EQ; (6) El.

Figure 7 Figure 8
4000 - L4000 A

2000 -

1000
800
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local Gortler number
local Gértler number

200 -
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T T T - T
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Figure 7. Neutral curves obtained when we impose the following three initial conditions at the

downstream location, Xo = 20, and use E5 as the energy measure to monitor the energy growth:
()T =e Ve, V = 0,0 = qU; (i) U = n2e10/n°e=1 ¥V = e~10/7°e=n § = 0; (iii)
U =e=40/n°e=n = p3e=40/1°¢=n" § = 0. (a) Asymptotic result; (b) the third initial condition;
(c) the second initial condition; (d) the first initial condition.

Figure 8. Neutral curves obtained when we impose the following initial conditions at three different
upstream positions, Xo = 20, 40, 60, and use E5 as the energy measure: U = e‘l/"4e"'/n, V =0,
0 = nU. (a) Asymptotic result; (b) Xo = 60; (¢) Xo = 20; (d) Xo = 40.
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Figure 9 Figure 10
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0 ] . ) | ]

1 7 0 10

Figure 9. Normalized streamwise velocity at different downstream locations: (a) = = 470; (b)
z = 150; (¢) = = 30.

Figure 10. Normalized perturbations of V' at different downstream locations: (a) z = 470; (b)
z = 150; (¢) = = 30.

Figure 11 Figure 12
10+ 107
0.6 0.8
02 061
0 041
—0.41 0.2
—-0.8 T .” T T T T 1 !
0 2 4 6 8 0 5

Figure 11. Spanwise velocity perturbation at different downstream locations: (a) z = 470; (b)
z = 150; (¢) = = 30.

Figure 12. Temperature perturbations at different downstream locations: (a) z = 470; (b) z = 150;
(¢) z = 30.

up and across to the right. This is contrary to the corresponding results found
by Hall (1983) for incompressible flows. Finally, figures 9-12 show the typical
profiles of the four perturbation quantities as they evolve downstream, with the
initial conditions given by (iii) in figure 7 and Xy = 20, G = 1000. To see how
the the centre of vortex activity evolves downstream, we have normalized each
of the perturbation quantities by its maximum. It is clear that as the vortices
evolve downstream (and thus as the local wavenumber increases), they become
more and more concentrated, which agrees with the asymptotic result found in

Phil. Trans. R. Soc. Lond. A (1993)
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On the Gértler instability in hypersonic flows 349

the previous subsection that in the large local wavenumber limit, Gortler vortices
are trapped in a thin layer of depth O(k_l/ 2) centred at n = 3.001.

5. Neutral instability with x(z) # (2z)3/2

When the wall curvature is not proportional to (2z)~3/2, the O(M?3/2) term on
the right-hand side of (3.29) only vanishes at the leading-order neutral position
and its effect will persist in the downstream development of Gortler vortices.
An important consequence of such an effect is that non-parallel effects will be
important over a larger range of wavenumbers than was the case for the special
curvature case. Suppose we measure the order of the wavenumber by writing it
as a = O(M%). Then we show in this section that non-parallel effects continue
to be dominant for o up to and including %. For o > %, non-parallel effects
become negligible compared with viscous effects and an analytical expression can
be obtained for the second-order correction to the Gortler number expansion.
This second-order correction becomes of the same order as the leading-order term
due to the curvature of the basic state when o = %. In this case a higher-order
correction term can also be obtained.

(a) O(1) wavenumber régime: the near neutral inviscid mode

In the O(1) wavenumber régime, it is convenient to determine the stability
properties by considering the evolution of Goértler vortices in the neighbourhood
of the leading-order neutral position z,, given by (3.34). Thus we shall fix the
Gortler number as given by

2B
4_____]\423/2
(23371)3/2”(3371)

and determine the second-order correction say Z, to the neutral position z,
so that Gortler vortices with G given by (5.1) are neutrally stable at location
Ty + Zn. Replacing z,, by z, — Z,, in (5.1) then gives the appropriate expansion
of the Gortler number for vortices neutrally stable at x = z,,.

It can be shown that in the neighbourhood of z,, the second term in the
expansion of %KZ(.’B)G will force a growth rate of order M'/2. Hence we shall

G= (5.1)

consider the evolution of Gértler vortices in an O(M~1/2) neighbourhood of
by defining a new variable X by

X = (z—zp)MY?, (5.2)

and look for asymptotic solutions of the form
T=Ty(X,n)+ -, V=M"V(Xn)+: -, } 53

W = MY2Wo(X,n)+---, P=MPy(X,n)+---.
Equation (3.29) becomes

Wy + 00y + 2k(2)GU* = EXM + o(M), (5.4)

where £ G- 0)
jol S e N (5.5)

Phil. Trans. R. Soc. Lond. A (1993)
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350 Y. Fu, P. Hall and N. Blackaby

Note that it is this term that gives rise to a local growth rate of order M1/2. On
substituting equations (5.3) into the perturbation equations (3.18)—(3.22), drop-
ping higher-order terms and then eliminating V, Wy and Py from the resulting
equations in favour of Ty, we find that V, Wy and Py are related to Ty by

2z, T 0Ty
Vo =— T A% (5.6)
) 10V
lkWO = -?8—7]’ (57)
W2z, 9%V,
Po =457z X 0n?’ (5.8)

and that T satisfies the equation

2 2 7 I "\ EXT
P {8T0_2T QT_O_[kQTz_TT,<_1_ T )}To}—l@ XT'

X2 | o> T On 2 TT7 V2,
(5.9)
where k %' /22, a. We can interpret (5.9) as the turning point equation asso-

ciated with the breakdown of the WKB structure in z of the expansions (3.31),
indeed the evolution equation (3.32) is retrieved from (5.9) by taking X to be
large. Since this breakdown is associated with a simple zero in z of the right-hand
side of (3.32) we expect that the local behaviour of the disturbance should now be
expressed in terms of Airy functions. Equation (5.9) admits separable solutions
of the form

To(X,n) = ¢(X)y(n), (5.10)
with ¢ and 1 satisfying
¢"(X) —wXp(X) =0, (5.11)
. 2T o (1 Ty , ET' B
V() = = (n) - {szz ~-TT (ﬁ - W) ] P(n) —k mww(m =0,
(5.12)

where the separation constant w is to be determined by solving the eigenvalue
problem (5.12) subject to appropriate boundary conditions. By a simple substitu-

tion z = Xw!/3, equation (5.11) reduces to the standard form of Airy’s equation
W"(z) — 2W (z) = 0 which has two independent solutions Ai(z) and Bi(z), so the
solution of (5.11) is given by

$(X) = aAi(w'/3X) + bBi(w/3 X), (5.13)

where a and b are two constants to be determined by initial conditions.

To solve (5.12), we first note that in the large wavenumber limit, equation
(5.12) takes the same form as equation (3.32). Therefore, the solution of (5.12)
can be written in terms of Hermite polynomials as

Y(n) = s = e~ Hey(€) (5.14)
Phil. Trans. R. Soc. Lond. A (1993)
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and from (3.41) the eigenvalue w expands as

_E 1 Ao
“s = e o <1 Fo ) (5.15)

where Ao, Ag2s and £ are defined in turn by (3.43), (3.46) and (3.45a).

In the O(1) wavenumber régime, equation (5.12) has to be solved by a numerical
integration, and in general an infinite number of eigenvalues w, (s = 0,1,...) and
eigenfunctions ¢ can be obtained. Then the general solution of (5.9) can be

written as
o0

To = {asAi(wsX) + bsBi(ws X)} 15 (n), (5.16)
s=0
where a; and by are constants to be fixed by initial conditions at X = 0. From
(5.6), Vp is given by

\/2 nT
Vo = :B Z {aSAl wsX) + by Bl (weX }Ws¢s (5.17)

It is clear that once Tp(X,n) and Vo(X,n) are specified at X = 0, the coef-
ficients (as,bs) and hence the evolutionary behaviour of the perturbation field
(Vo, Wo, To, Py) will be completely determined.

The correction term to the neutral position can be defined as the position
where a certain energy measure has zero growth rate. It is obvious that such a
position would depend upon what initial conditions we impose at X = 0 and
what energy measure is used to monitor the energy growth. In principle then it is
an easy matter to determine the local neutral position associated with any initial
perturbation, we note, however, that before growth of the vortices occurs they
will have an oscillatory behaviour in X since both Airy functions are oscillatory
on the negative real axis. Clearly this occurs because the boundary between
instability and stability is controlled by inviscid effects in this régime, there is
no counterpart to this result in the behaviour of Gortler vortices or for that
matter Tollmien—Schlichting waves in incompressible flows. We further note that
appropriate forms for the initial conditions can be obtained from the receptivity
problems associated with wall roughness or free stream disturbances, see Denier
et al. (1990) and Hall (1990). We merely note in passing here that it is reasonable
to expect that the type of mode discussed above is more likely to be stimulated
by free-stream disturbances since the effect of wall roughness is diminished by the
wall layer over which the wall roughness must diffuse before reaching the unstable
adjustment layer.

The non-uniqueness of neutral position mentioned above is certainly typical
of the evolution of Gortler vortices in growing boundary layers. In the present
problem, non-parallel effects dominate in the evolution of Gortler vortices mainly
through the O(M?3/2) curvature of the basic state. As we increase the wavenum-
ber, viscous effects will gradually come into play in the evolution of Gortler
vortices and non-parallel effects will become less important. In the following sub-
section we consider wavenumbers of order M!/4. This is the maximum order at
which non-parallel effects are dominant. We shall show that when the wavenum-
ber is increased further above this order, non-parallel effects become negligible.

Phil. Trans. R. Soc. Lond. A (1993)
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(b) The O(MY*) wavenumber régime: the non-parallel viscous mode
When the wavenumber reaches the order M1/4, the streamwise lengthscale is
still O(M—1/2) (implying that the local growth rate is O(M*/2)), but the vertical
lengthscale becomes of O(M~1/8) (as we expect that vortices would be trapped
in an O(M~'/®) thin layer). We therefore define two new independent variables
X and £ by
X =(z—an)M'V2, &= (n—n)M'", (5.18)
where n* is the centre of vortex activity. For convenience, we define a small
parameter € by

e=M"18, (5.19)
An analysis of the perturbation equations (3.18)—(3.22) shows that
V=0(*T), W=0(3T), P=0("T). (5.20)

We now assume that T = O(1) and scale (V,W, P) by (¢ %, e 3,¢7°). Then
by neglecting terms of relative order € or higher in the perturbation equations
(3.18)—(3.22), we obtain

v . - EX
8—X +a /L()TOV - ‘“‘TO_T - 0; (521)
1 0W _ o ov
ToP + 2aoToW — =0 .
iax Lol HgieloW + soer=5e =0, (5.22)
_ 1 oV
W=~ 2
\/2£l?n To 85’ (5 3)
T ~2= M2
V. _ Dol afilg (5.24)

\/Q:Bn Mﬁ 8X O'Tl ’

where W & iaW,a ef M~Y4%a, Ty = T(n*), Ty = T'(n*), fio = i(To) and where
we have used the same notation to denote the scaled perturbation quantities. n*
is chosen at higher order such that the vertical structure of T' can be expressed
in terms of parabolic cylinder functions which vanish at 17 = +oco. Elimination of

V, W, and P in favour of T' among these equations then gives

02T 1.9 = OT 1ad _ 922 EXT
%2 +(1+0o l)a,z,uoToa—X + o Yat @ To™ T + WT = 0. (5.25)
V n

The solution of the above equation is easily found to be expressible as the prod-
uct of an Airy function multiplied by exp(—3X (1 + 0~ 1)a?0Ty). As before the
Airy function grows or decays exponentially for large X and is oscillatory on the
negative real axis. However, the presence of the exponential factor now leads to
a crucial change in the nature of the streamwise evolution of the disturbance.
We refer to the fact that the exponential factor, induced by viscous effects, now
means that in the stable régime the disturbance decays exponentially rather than
oscillating as was the case previously. This result is consistent with the usual re-
sult of stability theory that inviscid disturbances change from being oscillatory to
being exponential in character when instability occurs; viscous instabilities on the
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On the Gortler instability in hypersonic flows 353

other hand are exponential in nature either side of the stability boundary. The
local neutral position can only be obtained by specifying an initial disturbance
and finding where the solution of the evolution equation begins to grow.

If we let a < 1, then to leading order equation (5.25) reduces to

82T+ EXTy
0X2 2z, T2

which matches with the asymptotic form of (5.9) when k> 1.
On the other hand, if we let @ > 1, then to leading order (5.25) reduces to

EXT]_ 1A4_2 =2
—_— b — 51T =0 2
<\/2mnT02 + g4 Hoto ’ (5.27)

which shows that the second-order correction term to the leading-order neutral
position becomes independent of non-parallel effects and is given by

T=0 (5.26)

2%,

X=X ="
" oET

pTyat, (5.28)
On replacing z,, by £, —M~1/2X,, in (5.1) and expanding the resulting expression
in the neighbourhood of z,,, we obtain the following expression for the Gortler
number for Gortler vortices neutrally stable at location x = xy,:

2BM3/?
G=————+a'go+ -, 5.29
n(xn)(2$n)3/2 +a”“go + ( )
where
22z, p2TH
go = —Y=n 00 (5.30)
JK()Tl

The expression (5.29) is valid for wavenumbers of order M¢, ;i— <a< %. When

the wavenumber reaches the order M3/8 the second-order correction term in
(5.29) is as large as the first term and a more accurate asymptotic expression
can be obtained. That situation will be discussed in the following subsection.
We have seen above that in the O(M'/4) wavenumber régime viscous effects
come into play and modify the evolution of the near neutral inviscid mode, for
that reason we refer to the mode in this case as the non-parallel viscous mode.
We further note that the strongly unstable inviscid mode connects directly with
the parallel viscous mode discussed below. Thus we have shown above that the
non-parallel viscous mode connects with the near neutral inviscid mode in the
vicinity of the right-hand branch of the neutral curve. Hence the initial stages in
the evolution of the right-hand branch of the neutral curve are governed by an
interplay between viscous and inviscid effects. We further note that, in view of
the limiting form (5.29) valid for large a, as the wavenumber increases the neutral
Gortler number will also increase.

(¢) The O(M3/8) wavenumber régime: the parallel viscous mode

When the wavenumber becomes of order M3/8, viscous effects are of the same
order as the centrifugal acceleration of the basic state in the determination of the
Gortler number, and the leading-order inviscid result (3.35) is to be modified. We
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assume that to leading order the Goértler number now expands as
2BM3/?
G=—"" +a*g. 5.31
Mm@ (31

Here the first term is due to the curvature of the basic state and the second term
is due to viscous effects and is to be determined.
For convenience, we introduce a small parameter € and an O(1) constant N by

e g1 N 324, (5.32)
so that (5.31) can be written as

2BN 1 i go
K(Tn)(23,)3/2 €4 €t

To determine the higher-order correction terms to the Gortler number expansion,
we shall first fix the Gortler number as given by (5.33) and consider the evolution
of Gortler vortices in the neighbourhood of the leading-order neutral position x,,
defined by (5.31), aiming at finding the second-order correction say €z, to the
neutral position. As we have remarked at the beginning of the first subsection,
replacing z,, by z, — €%, in (5.33) would give the appropriate expansion of the
Gortler number for vortices neutrally stable at x = z,.

The vortices under consideration vary on small lengthscales in both x and
n directions. In the streamwise direction, their growth rate can be shown to
be O(1/€) so that they evolve on an O(e) lengthscale. In the 7 direction, they

are confined to an O(e!/2) thin viscous layer because of their small wavelength
character. We therefore define two new variables X and ( by

G= (5.33)

T =Ty _n-n"
X = — C————el/2, (5.34)

where n* is the centre of vortex activity and is to be determined.
We now look for asymptotic solutions of the form

T = 6(X,¢) +€/201(X,C) + €02(X, () + -,

Vo= e 2[Vo(X,¢) + e/2V1(X,C) + eVa(X, Q) + -],

W = e 32[Wo(X, ) + €V/2W1 (X, ) + eWa(X, ) + -+,
P = ¢ %2[Py(X, () + /2Py (X, C) + ePo(X, () + - ).

(5.35)

Here the relative orders of the perturbation quantities are deduced from the
perturbation equations (3.18)—(3.22). On inserting these expansions into the per-
turbation equations (3.18)—(3.22), expanding all coefficients there about x = x,,
and n = 7n*, and then equating the coefficients of like powers of ¢, we obtain
a hierarchy of equations. To leading order, the Gortler number go in (5.31) is
determined as a solvability condition for (Vy,6p) and is given by

2y/2z, mdTy

go = oroTy

(5.36)
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On the Gortler instability in hypersonic flows 355
while 0y, Wy and Py are related to Vg by
oTy . 1 W fio OVo
b= ——5—W =0, = —=—, .37
07 T ong T2z, Wo=-"m=7 aC 07 7T, ac (5:37)

where Ty = T(n*), T1 = T'(n*), fio = i(To), ko = K(xr). Note that (5.36) is of
the same form as (5.30), as we would expect.
To next order, we obtain three expressions similar to (5.37) for 61, W1 and P;

in terms of V7 and Vj and the condition that
d
S —) (5.38)

d'r] n=mn*

which implies that n* is where gp attains its minimum. :
If we carry on one order higher, we find from a solvability condition for (Vz, 62)
that Vp must satisfy the evolution equation

82% _ 2(1 + G)Town 5A%

e 3o X a?Vy 4+ bXVy =0, (5.39)
where
Téx, 02
G = gwn S 9 >0,
90 " n=n*

~ = 2BN K 3 K1 1
P2 Tz{ .____(_1 _) ____}, 5.40

3¥n20 goko(22,)3/2 \ Ko " 2y, * Ko 2Ty (5.40)

and where k1 = k'(z,). The solutions of (5.39) which satisfy the conditions
Vo — 0 as || — oo can be written as

Vo = Vom (X, O
7 2
3pob 1\ Via ey
=P | 1T e (X (M) —m— 3, (4 41
P |:4(1 + o) Toxy, ( (m + 2) b U(=m—3,( a)-’°¢), (5.41)
where m = 0,1,2,... and U is a parabolic cylinder function. The neutral position

Z, can be taken to be the point where 0Vp/0X = 0, so that the mth mode is
neutrally stable at

X =&, = (m+ 3)V4a/b. (5.42)
The most unstable mode corresponds to m = 0. We therefore have
Zn = Va/b. (5.43)

With the expression for &, determined, we can now replace z,, by z, — €y in
(5.33) and then expand the two terms on the right-hand side up to and including
the O(1/€®) term, hence obtaining the expansion

2BM?3/? g 1 1 390 0%go
e 4 . 5.44
k() (2y,)3/2 + et + € 2z, \| 21¢ on*? + (5-44)

for Gortler vortices which are neutrally stable at position z,.
As is to be expected, the Gortler number expansion (5.44) agrees in the special

G =

Phil. Trans. R. Soc. Lond. A (1993)
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356 Y. Fu, P. Hall and N. Blackaby

case k = (2x)~3/2 with the combination of (4.1), (4.10a), (4.12d) and (4.17)
(note that the small parameter € there corresponds to €/+/2x,, here). This means
that in the large wavenumber limit, the relation (5.44) is a universal expression
for the neutral Gortler number, which is valid for all wall curvatures.

Finally in this subsection we stress that a more unstable version of the parallel
viscous mode can be obtained by taking go bigger than the value given by (5.36),
in that case we must allow for a growth rate of order M3/% and then (5.36)
is replaced by an equation to determine that growth rate. This structure then
enables a direct connection between the strongly unstable inviscid mode and the
parallel viscous mode at relatively high Gértler numbers with G — Gy ~ M3/2,
The analysis for this more unstable régime is essentially identical to that given
by Denier et al. (1990) in the incompressible case.

6. The wall layer mode

It has been established in §3 that as the wavenumber becomes large, Gortler
vortices become increasingly trapped in the O(1) temperature adjustment layer.
Thus the preceding three sections are devoted to Gortler vortices which have
wavelength of O(1) or smaller and which are trapped in the temperature ad-
justment layer. Clearly it is possible for vortices of wavelength smaller than the
thickness of the adjustment layer to be excited, far enough downstream the local
wavenumber will become comparable with the adjustment layer thickness and
the previous analysis will apply. However, before this occurs the vortices must be
described by an analysis which takes account of the fact that they are of wave-
length much larger than the adjustment layer thickness, we shall now address
that situation. In fact it can be deduced from the definition (2.10) and (3.1¢)
that the variation dy of the physical variable y and the variation of the similarity
variable dn satisfy

dy = v2x T dn. (6.1)
The wall layer which corresponds to n = O(M ~1/2) with T = O(M?) is therefore
actually of O(M 3/ 2) thickness in terms of the physical variable y, while the
temperature adjustment layer is still of O(1) thickness. Thus a natural scale
for larger wavelength vortices is provided by the thickness of the wall layer, the
appropriate size of the Gortler number is found by rescaling the vortex wavelength
and velocity field by the scales relevant to the wall layer. Such Gortler vortices
are referred to as the wall mode and are studied in the present section to complete
our stability analysis.

Since in the large Mach number limit the boundary layer thickens by O(M?3/2),
we should rescale (y, z) by a factor M3/2 and the corresponding velocity com-
ponents likewise. This effectively replaces R~1/2 by R~1/2M3/2, 1t is therefore
appropriate to rescale the Gortler number G and the wavenumber a by defining

G = M~32k(2)(22)%/%G, k =2z M . (6.2)
In the wall layer, the basic state is from (2.11) and (3.5) given by
M3/2
a=F\(Y), ©v= [-TF(Y)+ F'(Y)Q(Y)], (6.3)

Vax
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On the Gortler instability in hypersonic flows 357

where
def Y.
oY) / Ty, (6.4)

The various partial derivatives of u, v and g which appear in the perturbation
equations (3.18)—(3.22) have to be computed before we can deduce the relative
orders of the perturbation quantities. Such expressions are given in the Appendix
A to this paper. With the aid of these expressions, we can show from (3.18)-(3.22)
that the relative scalings of the velocity, pressure and temperature disturbance
fields are given by

vV =0(M*?U), W=0W?>?U), T=0M?U), P=0MU). (6.5)
We therefore look for solutions of the form
U=U@,Y)+-, V=M"2V(@Y)+- -,
W= M32W(z,Y)+ -, P=M?Px,Y)+- -, (6.6)
T =M?0(z,Y) +

On substituting (6.6) into the perturbation equations (3.18)—(3.22) and then
equating the coefficients of like powers of M, we obtain to leading order a set of
partial differential equations for U,V,W, P and 6 which govern the evolution of
Gortler vortices in the wall layer. For the purpose of numerical calculation, it is
convenient to eliminate the pressure perturbation P and W from these equations.
After some manipulation, we obtain

920 FNT, o0 V2 F' - F" 8 T’ VT
2% 14 + 8Y

Y2 1+m ( )8x_(1+m)ﬁ 2T oY 14w

1" " 1 N o " B
+{———FF —Mﬁ(F 3F~T>}6+{k2T2—————FQ ~}U,
1+ m)VT T3/2 275/ 1+ m)VT
(6.7)
oY? 1+m “or ~ 1+m oy (1+m)VT (1+m)VT
. FT’ U2 g2 L
Coo(y— D" BT T lo(y— 1) — 48
70 =D gy { Ty UV TF Tt
(6.8)
v F/ﬁ(2 ) 83V ST'F VT (22) 82V
aY:  1t+m " 0zoy? T T+m ) 9zdY
F F//T/ 3T/2 T// 4
- S - S + EB2T0/? bi, (6.9
+1+m(ﬁp 57 V7 5 =Lk 69

where the expressions for b; are given in Appendix C to this paper.
The above equations are to be solved subject to the following boundary con-
ditions.

Phil. Trans. R. Soc. Lond. A (1993)
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358 Y. Fu, P. Hall and N. Blackaby
AtY =0,
U=V =0V/dY =0,
90/dY =0, if the wall is thermally insulated, (6.10)

6 =0, if the wall is under cooling.
AsY — oo,

U—0, V-0, 8V/0Y -0, 6—0. (6.11)
The precise large Y decay behaviour of the perturbation quantities can be de-
duced from the perturbation equations (6.7)—(6.9), but the derivation is tedious.
However, the far downstream limit of such decay behaviour can be deduced very
easily from the condition that the solutions of the wall mode under consideration
in the double limit £ — oo and Y — oo should match with the inviscid solutions
(3.32) and (3.33) when & — 0 and n — oo there. In the limit ¥ — 0, equation
(3.32) reduces to equation (3.37) and the latter has solutions confined to a thin

layer = O(k/3) near the wall. It can be shown that in the further limit 5 — oo,
the solution of (3.37) has

Vo — c1 4 co/n7, (6.12)
and from (3.33),

To — (c3/m)Vo, Wo — ca/n?, (6.13)
where c¢1, co, c3 and ¢4 are all functions of z. To match with the above solutions,
V should decay like Y7, 4 like Y8 and W like Y 4.

For any initial disturbance located at a given downstream position, we can
determine the position at which the disturbance becomes neutrally stable by
integrating these equations using the same marching procedure as the one used
in solving the system of equations (4.3)—(4.7). As an illustrative example, we
impose the following initial disturbance at the location z = 50:

U(50,Y)=Y%Y", V(50,Y)=6(50,Y) = 0. (6.14)

The wall curvature is taken to be v/2x and the wall is assumed to be ther-
mally insulated. For a given wavenumber and a given Gortler number, we can
march downstream until we reach the neutral position where a certain energy

measure has zero growth rate. We then calculate the local wavenumber k and
the local Gortler number G at the neutral position. By fixing the wavenumber a
(= k(22)~'/2) at 1 and varying the Gértler number M ~3/2@ from 0.0001 to 0.03,

we obtain a series of neutral points (l~c, G’) Figure 13 shows the neutral curves
corresponding to the following three energy measures:

oo oo - -
B = / {72 dy = V2w M3/? / 027y, (6.15)
0 0

By =/ U+ V2+W?)dy = \/23:M3/2/ (02 + V2 + W2)T dY, (6.16)
0 0
~ 2 ~ 2
o (90U M—3/2 1 (80U
E:/ Y= 2 (L) arv 6.17
o (&y) YT Vs b T <8Y> (6.17)
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400 1

local Gortler number
N
(e
(e

local wavenumber
Figure 13. Neutral curves for the acoustic mode; energy measures: (a) Es; (b) Ea; (c) Fy.

Figure 14 ><10;5 Figure 15
x1077 l
| — 1 N
10 { S
|| @
—30 4 , 1/
1 @\ / 0F
——40 T T T T T T |‘ T T T T T L T T T T
0 2 4 8 10 12 0 4 8 12 16 20

Figure 14. U perturbation at different downstream locations: (a) z = 160; (b) z = 140; (¢) z = 120;
(d) z = 1005 (e) z = 80.

Figure 15. V perturbation at different downstream locations: (a) z = 140; (b) = = 120; (¢) = = 100;
(d) = = 80.

Figures 14-17 shows the downstream evolution of Gortler vortices correspond-
ing to the above conditions with M ~3/2G = 0.001. We observe that all neutral
curves decrease monotonically with respect to the local wavenumber and that
Gortler vortices become increasingly more and more shifted to the right (i.e.
towards the temperature adjustment layer) as they evolve downstream. This is
certainly to be expected since in the large local wavenumber limit the wall mode
has to match with the mode trapped in the temperature adjustment layer. By
taking the large wavenumber limit of the wall mode equations we can show that
the neutral curve should tend to the limit G = 2B = 1.2543. To realize this limit
numerically we have to carry out our calculation at very large wavenumbers. This
presents some numerical difficulties, because on one hand, if we fix the Gortler

Phil. Trans. R. Soc. Lond. A (1993)
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. qugure 16 Figure 17
N x107°
x1077 - / Y 30 ~

0 4 8 216 0 2 4 6 8 10 12
Figure 16. W perturbation at different downstream locations: (a) = 120; (b) z = 100; (c) x = 80;
(d) = = 60.

Figure 17. Temperature perturbation at different downstream locations: (a) z = 140; (b) = = 120;
(¢) z = 100; (d) z = 80; (e) =z = 60.

number and vary the wavenumber, the initial conditions soon become incompat-
ible with the differential equations since for large wavenumbers Gortler vortices
have to be trapped in a region away from the wall; on the other hand, if we fix the
wavenumber and vary the Gortler number, a large local wavenumber corresponds
to a large downstream neutral position and there contamination from the ‘finite
infinity’ becomes important because of the algebraic decay behaviour (implying
that we have to choose a larger infinity). Finally, we remark that the z-derivative

of 6 in the expressions for W3 and W defined in Appendix C could be eliminated
with the aid of equation (6.8) to give a different formulation and thus to provide
a check on our numerical scheme. We have done so and have obtained identical
results.

We conclude this section by stating the most important results of our inves-
tigation of the wall mode. We have shown that the wall layer can support a
disturbance trapped in the wall layer with wavelength comparable with the wall
layer thickness. This mode is dominated by non-parallel effects and has a neutral
Gortler number which is a monotonic decreasing function of the vortex wavenum-
ber. In the limit of high vortex wavenumbers the mode takes on a structure essen-
tially identical to that found for the small wavenumber limit of the inviscid modes
of wavelength comparable with the adjustment layer thickness. Moreover in this
limit the vortex has a neutral Goértler number which approaches from above the
zero-order approximation to the neutral Gortler number of the mode trapped in
the temperature adjustment layer.

7. Real gas effects

In our previous discussions, we have assumed that the fluid under considera-
tion is an ideal gas undergoing no dissociation. Our asymptotic analysis based
on the large Mach number limit has yielded some revealing results about the
stability properties of hypersonic boundary layers. However, in the large Mach
number limit, we would expect that the wall temperature should be well above
the temperature at which dissociation takes place. Take a boundary layer over a

Phil. Trans. R. Soc. Lond. A (1993)
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On the Gértler instability in hypersonic flows 361

thermally insulated wall as an example. The temperature at the wall is given by
Ty = 2(v = 1)M?Ts

when the Prandtl number is unity. At a standard altitude of 53 km, the air
temperature T, is 283 K. If we take v = 1.4, M = 15, then T, = 12735K.
Since at the far lower temperature of 2500 K, the oxygen molecules in the air
have already begun to dissociate, it is clear that an investigation which takes gas
dissociation into account is vitally important!
A complete theory on real gas effects should at least incorporate the following
important chemical reactions:

0, = 20, Ny = 2N,

N+ O = NO, N+O=NOT +e .

However, to expose the most important features and at the same time keep the
algebra to a minimum, we begin our investigation by eliminating the less essential
complications which arise from the detailed composition of air and confining our
attention to a pure dissociating diatomic gas. The dissociation process is therefore
denoted by

In our following discussion, Oz and Ns will be chosen for numerical illustration.
Furthermore, we assume that the fluid under consideration is an ¢deal dissociating
gas which satisfies the relation

2
o _paT _ryr (7.2)

1——a2_;Td

(see Becker (1968, p. 36), or Lighthill (1957, p.6)). Here a, p and T have the same
meanings as defined in §2, while pq and Ty are respectively the characteristic
pressure and temperature for dissociation.

For the gas mixture of A and Ag, Dalton’s law gives

. _’I’L1§RT TL2§RT
p=pitpr=——+ (7.3)

where p; is the pressure which the ith component would exert individually if alone
in volume V at temperature T, n; are mole numbers and R is the universal gas
constant. Here we use subscript 1 to signify component gas A, and subscript 2
for A. Assume that the mass of a mole of gas A is m, the molar mass of gas As
is then 2m. We therefore have

_n1-2m+n2'm
= 7 ,

ng + M no

(7.4)

(7.5)

niy-2m-+nog-m - 2n1 +ng
With the use of (7.4) and (7.5), we can rewrite the equation of state (7.3) as

p=(1+a)RpT, (7.6)
where ® = R/(2m) is a gas constant.
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Table 2.

Ta/K  Pafatoms pa/(gem™?)

oxygen 59000 2.3 x 107 150
nitrogen 113000 4.1 x 107 130
s o8l
=
.8
ks -
Q
2
5 04]
o
1S
Q
(5] -
5h
Q
o
O /Al o 1 1 L 1 |
10 20 30

temperature scaled on its free stream value

Figure 18. Variation of « with respect to the temperature.

On inserting (7.6) into (7.2), we obtain

o> _ pa 7
= Md-Ty/T 7.7
l—-a p € ’ ( )

where pq = Py/(RTy) is the characteristic density for dissociation. pq, Pg and Ty
are in general functions of 7', but their variations over a large temperature range
are very slight. Their typical values are given in table 2 (taken from Lighthill
1957).

It should be noted that for atmospheric values of p, pq/p is at least 105. Thus
although p4, Ty and pq are called characteristic quantities, they are not typical
of the actual values of p, T and p at all. For pgq/p = 105, (7.7) shows that « is
0.05 (5% dissociation) when T'/Tq = 0.057, and « is 0.95 (95% dissociation) when
T/Tq = 0.116. For densities typical of the upper atmosphere, with (say) pq/p =
107, these values of T'//Tyq would be reduced to 0.045 and 0.076 respectively. For
fixed values of pq/poo = 107 and Ty/Too = 4 x 102, the variation of o with respect
to T'/T is plotted in figure 18.

Relation (7.7) was first obtained by Lighthill (1957) from quantum mechanics,
and therefore the ideal dissociating gas discussed here is also called the Lighthill
gas. Using a purely mathematical argument, Becker (1968) has shown that the
Lighthill gas is a special case of a more general class of gases. An important
property of Lighthill gases is that As and A have the same specific heats at
constant volume, that is,

Cyl = Cy2. (7.8)
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(a) Constitutive properties of a dissociating gas

To see the complications which arise from gas dissociation, let us first recall
that an ideal gas has the following properties which have greatly simplified our
previous analysis. _

1. The equation of state has the simple form P = RpT as compared with (7.6).

2. Specific heats ¢, and ¢, can be taken to be constant.

3. The coefficient of thermal conduction & is proportional to the shear viscosity
p and the Prandtl number o = pc,/k is usually taken to be constant.

4. The viscosity can be taken to be related to the temperature by Chapman’s
law, or more accurately, by Sutherland’s law.

When part of an ideal gas has been dissociated, the gas becomes a mixture
of two-component gases and all of the above properties are changed. We have
shown above that the equation of state is modified to the form given by (7.6).
In this subsection, we derive the corresponding expressions for y, k and ¢,. Our
derivation is based on work discussed in The mathematical theory of non-uniform
gases by Chapman & Cowling (1970).

(i) The wviscosity p

In the kinetic theory of gases, different expressions for the transport properties
w1 and k have been found depending on what model is used for the interaction of
the gas molecules. For example, for a simple gas which consists of smooth rigid
elastic spherical molecules, 4 is proportional to /T, while if the gas is taken to
consist of smooth rigid elastic spherical molecules each of which is surrounded by
a field of attractive force, u is given by

it () "f+9).

where c i§ the diameter of the molecule, S the potential energy of the mutual
attraction of two molecules when in contact, m the molecular mass. Relation
(7.9) is known as Sutherland’s viscosity law.

For a binary mixture of gases, Wilke’s law gives an approximate expression for
the viscosity of the mixture:

u;wl/(ﬂ+£&>+x2/<—+ > (7.10)
1o H12 H21 M2

where 11 and pg are the viscosities of the two-component gases; x1 and x5 denote
the proportions by volume of the two gases in the mixture. Since by Avogadro’s
law equal volumes of different gases contain an equal number of molecules or
moles, we have

n1 11—« 9 2«
= ) T2 = = .
ni + N9 1+« n1 + ng 14+«
In (7.10), 12 and po; are the mutual viscosities of the two-component gases and
are given by

5ma [&eT(m1+m2)]” /( 512

14222 = —241p =
1622, | 2nmims + M12 3112,
(7.12)

T = (7.11)

Hi2 =

Phil. Trans. R. Soc. Lond. A (1993)


http://rsta.royalsocietypublishing.org/

\
\
8 \
i

a
//\

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
i\

y 9

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

364 Y. Fu, P. Hall and N. Blackaby

where c12 can be taken to be %(cl + ¢2), while the expression for Si2 has to be

found empirically. Lindsay & Bromley (1950) suggested that S12 = 1/S155. Here
ci and S; (i = 1,2) are constants appearing in (7.9), associated with ;.

With the aid of (7.9) and (7.12), we can now write down the appropriate
expressions for the viscosities of the component gases. These are

AT3/? A3T3/?
P = : ) ':1727 =T o =1 ) 7.1
Mi=7rg * P2 = e Ha1 = gk (7.13)

5 Rm; 5 3Rm;
ER T2 7= [ (7.14)

where we have made use of the fact that m; = 2mas.

Here

(ii) Coefficient of thermal conduction k

For a pure gas, the coeflicient of thermal conduction is related to the viscosity
1 by the simple formula

k= feop, (7.15)

where f is a constant and v/ f is usually defined as the Prandtl number.
For a binary gas mixture, Wassiljewa’s formula gives

_ i, T2 o T2
k_xl/(k1+k12)+x2/ (k21+/€2>’ (7.16)

where k; and ko are the thermal conductivities of the two- component gases and
k12, and ko1 are the mutual thermal conductivities.
It is suggested in Chapman & Cowling (1970, p.256) to put
]{:1 D11 ﬁ D22

= = —== 1
k12 0412D12, ko1 0421D12, (7.17)

where the coefficients a2 and a; are regarded as functions of mj /me, which are
determined semi-empirically, and for Sutherland’s model the diffusion coefficients
D11, D12 and Dao are given by

6 6 6
D11 = —w1, Dig=—p12, Doz = —pa, 7.18
51’ 501" 5o (7.18)
where p; is the density of the ith-component gas, when pure, at the pressure and
temperature of the actual mixture.
If we take a2 = a1 = 1 for simplicity and further make use of the above
relations, relation (7.16) then becomes

T I I

where we have used the fact that for an ideal dissociating gas, ¢,1 = cy2 def Cv}

while fi and fy are the constants appearing in (7.15) corresponding to gases Ao
and A respectively.
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For easy comparison, we rewrite (7.10) here, making use of the relation (7.12),

T2 M1 2:131 U2
— 1+ == )+ /(1+———) 7.20
H #1/< T1 K12 Ha T2 Hi12 ( )

Comparing (7.19) with (7.20) shows that we can almost write k = ¢, fiu for the
gas mixture, only if fo = fi1. It is therefore desirable to investigate the values of
f1 (for diatomic gases) and fy (for monatomic gases).

For all smooth spherically symmetrical molecules, it has been shown that tak-
ing fo = 2.5 provides a very good approximation. However, for diatomic and
polyatomic gases, a variety of expressions have been suggested for f. One of
these is Eucken’s formula:

f=3509y-5). (7.21)
This formula is valid under the assumption that the transport of momentum and
translational energy is unaffected by the internal molecular motions, and that
internal energy is transported at the same rate as momentum.

For diatomic gases, there are three translational degrees of freedom, two rota-
tional degrees of freedom and on the average one vibrational degree of freedom
(may vary between zero and two depending on whether vibration has been fully
excited or not). Thus the internal energy is given by

1 RT 3RT
2 (2m )(3+ V=5

(Recalling that 2m is the molecular mass of As.) Consequently, the specific heats
are

€1 = (7.22)

Oeq 3R R 2%
Cyl1 = (9_T = %, Cpl = Cyl + % = E (723)
We then have
Y=cpife1 =5 =133, f=21=175 (7.24)

At lower temperatures when the vibrational mode is not excited,

= %(?RT/2m), Cpl = g(?R/Zm), Cpl = %(?R/Qm),
and therefore

7_—_14 f=1.90.

At the other limit when the vibrational mode is fully excited,

= $(RT/2m), co1 = L(R/2m), cp = §(R/2m),
and hence
Therefore, in general,

1.68 < f < 1.90. (7.25)

In passing, we note that for monatomic gases, there are only three translational
degrees of freedom and therefore

ez =3 X ART/m = 3RT /m. (7.26)
Comparing (7.26) with (7.22) then shows that monatomic and diatomic gases

Phil. Trans. R. Soc. Lond. A (1993)


http://rsta.royalsocietypublishing.org/

///’\ \\

/\
'\

A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
i\

y 9

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

366 Y. Fu, P. Hall and N. Blackaby

have internal energies differing only on their zero point energies and that the
basic assumption ¢,; = ¢,2 for an ideal dissociating gas is indeed valid. Also, the
f value 2.5 for a monatomic gas can actually be read off from Eucken’s formula
(7.21) by noting that c,2 = 3R/(2m), cp2 = 5R/(2m) and V=

We now return to (7 19). From the above discussion, it is approprlate to put

cy = 3R/(2m), fi = %, fo = 3. The coefficient of thermal conduction k for the
mixture is then given by the formula
o /(o) =/ (200
- 2= 1+ =— )+ 1+ — : 7.27
8m H1 T1 K12 TH? T2 12 ( )

(iii) Specific heats of the mizture
The specific internal energy for A and Ay both have the same expression

e = 3RT/2m.
The total internal energy of the mixture is then given by
T
E = %(Zm “n1 +m-ng). (7.28)

Since A and Ay do not necessarily have the same zero-point energy, relation (7.28)
should be modified to

RT
FE = 32m 2m-ny +m- ng) + §RTdn2, (7.29)

where the last term represents the difference of zero-point energies of A over As.
On dividing (7.29) by the total mass of the mixture (2mn +mnsy), we obtain
the expression for the specific internal energy of the mixture:

e = 3RT + RTya. (7.30)

With the aid of this relation and the equation of state (7.6), we can easily
calculate the specific enthalpy as follows:

h=e+p/p=(4+a)RT + RTyo. (7.31)

To calculate specific heats, we have to first of all evaluate (0a,/0T), and (8c/OT)p.
From (7.7),

(3),- B (), 30+ H) o o

It then follows from (7.30) and (7.31) that

(0eN\ oo o (Ta\ a(l-a)
o (5T>v_3%+%(7> 2—a (7.33)
= (A +a)R+ IR(1+Ta/T)%a(l — a?).

The quantity (Bh/a ) which appears in (2.7) can now be calculated with the
use of (7.31) and (7.2). The result is

<mv _ RT+Tw)

)y oy 1= a?) = —i (1 + —T:,S-) a(l—-a). (7.34)
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(b) Modification of the basic state

As we have remarked before, the basic state equations (2.12) and (2.13) are in-
dependent of constitutive assumptions and therefore also valid for the gas mixture
under consideration, although now p, i, k and ¢, are calculated from the more
complicated expressions (7.6), (7.10), (7.27) and (7.33), respectively. In these ex-
pressions, the function « is given by (7.7). After non-dimensionalization, these
equations become

p=1/1+a)T, (7.35)
. (1 + 70y )T3/2 . Az (1 + 7y )T3/?
H= T+m+A312a(1 —a)~ YT +13) T +rg+ AzAz a"1(1—a)(T +m3)’
(7.36)
o (1 + 1y )T5/? N 10 45(1 + g )T3/?
T4+ A3 2a(1 — )Y (T +1m3) T +1g+ AgAz a1 (1 —a)(T +1m3)’
(7.37)
& =1+ 3a+ 21+ Ta/TocT)?e(1 — ), (7.38)
o? Ad Tq
1_ a2 = p;TeXp <—ﬁ> s (739)
where
My = S g = S g = V5152
Too' T Ty
* °° > (7.40)

~ A c? ~ A 3 c?
A2=—2:—12, A3:_3:\/j_2L‘
A1 V23 Ay 2cfy
For the purpose of asymptotic analysis, it is convenient to define two new
constants a and b by

Pd 2 Ty
=—M b= . 41
= e Too M2 (741)
Then equation (7.39) becomes
o? al a2 7
rcial e (7.42)

which displays the physical fact that dissociation will take place in the hottest
region where T = O(M?).

An asymptotic analysis of equations (2.12) and (2.13) shows that the boundary
layer structure in the present case is similar to that for an ideal gas. In particular,
the boundary layer can be divided into two regions: an inner region n = O(M -1/ )
and a temperature adjustment region 7 = O(1). In the inner region, we define

new variables Y, T' as in (3.5), but now (3.6) and (3.7) are replaced by

(1 + 1) (hl(a) ﬂ) +FF" =0, (7.43)

1+a.T
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~ ’
1 + Thl hz(a) T, _ ~ - hl(a) (F")Z
FT —1)(1 =0 7.44
o <1+aﬁ top + = 1)( +m1)1+a /T ;o (1.44)
where
As(1— Ay A
| def 3(1 —a) L Aadso ’ (7.45)
20+ A3(l —a)  Asza+ A2(1 —a)
déf Ag(l — a) 1—7(212121‘136! (7 46)
2 204+ A3(1 —a)  Aza+ Ay(1—a)’ '
& = 1+ ta+3i(1+b/T) a(l —a?), (7.47)
and where « satisfies
2
a” & —b/T
T aTe . (7.48)

AsY — oo, T — 0 and we expect that o — 0. From (7.45), (7.46) and (7.38)
we have hy — 1, hg — 1 and ¢, — 1. Equations (7.43) and (7.44) can then be
approximated by

(1 +7m1) (F"/\/%)l + FF" =0, (7.49)

o=1(1 + 1y) (T/ﬁ) +FT 4 (y— DA +m)(F"2 T =0, (7.50)

which have asymptotic solution

D . 13(14+m1)1? 1
F=Y -3+ TEOEG +.o, T [ . ] L +..., (7.51)
where both D and 3 are constants. Therefore, equations (7.43) and (7.44) are to
be solved subject to the boundary conditions (3.8) and the asymptotic conditions
(7.51). Results from such a numerical integration are shown in figure 1 together
with those results corresponding to the undissociated model.

In the temperature adjustment layer n = O(1), « is exponentially small which
means that no dissociation takes place in this region. The basic state equations
(2.12) and (2.13) reduce to (3.13) and (3.14) which are appropriate for an ideal
gas and which are to be solved subject to the same matching conditions (3.15)
and the conditions (3.16) at infinity.

(¢) Modification of the stability properties

Since the boundary layer structure is similar to that for an ideal gas when
dissociation is taken into account, the qualitative stability properties are also
similar with appropriate quantitative modifications. In particular, we can still
show that the mode trapped in the temperature adjustment layer is most sus-
ceptible to Gortler vortices and the neutral Gortler number expands as in (3.35),
but now the coefficient B is modified since it is the leading-order contribution
to the integration of basic state temperature across the whole boundary layer.
As for higher-order correction terms to the Gortler number expansion, The effect
of gas dissociation is dependent on the wall curvature. In the special curvature
case, since the second term G in (4.1) is determined by solving partial differential

Phil. Trans. R. Soc. Lond. A (1993)


http://rsta.royalsocietypublishing.org/

\
A
[\
N

A

a

//\

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
A \
)

[

y 9

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

On the Goértler instability in hypersonic flows 369

« B

5

E 0.6 |-

>

S L

el

=}

3

< 05

8

5 i

3]

&~

S 04|

2

s L

&b

Q .
T~ 03F &

Il | | I 1 |

0.2 0.6 1.0

the wall cooling coefficient

Figure 19. Dependence of B on the wall cooling coefficient. (a) o = 0.72, ideal gas; (b) o = 0.72,
real gas; (¢) o = 1.00, ideal gas; (d) o = 1.00, real gas.

equations in the undissociated temperature adjustment layer, it is not affected
by consideration of gas dissociation; while in the more general curvature case, we
can see from (5.9) that gas dissociation affects the second-order correction term
through FE, but in the higher wavenumber case discussed in § 5 ¢, the second-order
correction term is not affected by gas dissociation, as is clear from (5.44).

In figure 19, we have plotted the variation of B with respect to the cooling coef-
ficient both for the real gas model discussed here and for the ideal gas model used
in §3. It is clear from figure 19 that the values of B is decreased by gas dissocia-
tion as well as by wall cooling. Therefore, both gas dissociation and wall cooling
are destabilizing. In our numerical integration of the boundary layer equations
(7.43) and (7.44), we have taken

my =m=0.508 Ay=A3=1 a=121x%x10° b=3.30

(these values for a and b correspond to M = 11 if pg/peo = 107, Ty = 1.13 x 105,
and T, = 283). We have also repeated our calculation for a few sets of different
values for the above five constants. We find that the above prediction is still valid.

To determine the effects of gas dissociation on the wall mode, we have inte-
grated the perturbation equations (6.7)—(6.9) with the basic state given by the
solutions of (7.49) and (7.50), subject to the same conditions as those used to
produce the neutral curves in figure 13. Figures 20-22 give a comparison of the
neutral curves corresponding to the ideal gas model and the real gas model with
dissociation. We observe that in each of these figures, the two neutral curves
corresponding to the two models intersect. Therefore, gas dissociation can have
either a stabilizing effect or a destabilizing effect on the wall mode.
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Figure 20 Figure 21
180 -

local Gortler number
local Gortler number

0 . . - ; : T T | - T
1 13 15 17 11 13 15 17

local wavenumber local wavenumber

Figure 20. A comparison of neutral curves corresponding to (a) the real gas model, and (b) the
ideal gas model. The energy measure is E;.

Figure 21. A comparison of neutral curves corresponding to (a) the real gas model, and (b) the
ideal gas model. The energy measure is E.

local Gortler number

10.6 11.2

11.8 12.4

local wavenumber

Figure 22. A comparison of neutral curves corresponding to (a) the real gas model, and (b) the
ideal gas model. The energy measure is E3.

8. Further discussion

We have seen above that the Gortler mechanism in a hypersonic boundary
layer of a Sutherland law fluid behaves in a predominantly viscous or inviscid
manner depending on whether or not the wall curvature varies like z73/2 where
x denotes distance along the wall. When the wall curvature does not have this
special form the vortices evolve over almost the whole of the wavenumber space
in a non-parallel manner subject to viscous effects. The only exception to this
case is at extremely high wavenumbers where the vortices evolve in a quasi-
parallel manner essentially identical to that described for incompressible flows by
Hall (1982). Since the special curvature distribution is possibly of little physical
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Table 3.

mode wavenumber growth rate neutral value of G
wall OM=3/2)  0(1) O(M3/2) 4 ...
strongly unstable inviscid = O(1) O(M3/4) no neutral G
near neutral inviscid 0o(1) O(M*/?) GN+OM)+---
non-parallel viscous o(M*/4 O(M?*/?) GN+O(M)+---
parallel viscous O(M?3/8) O(M3/4) o(M3/2) ...

relevance we shall now concentrate on the results we have found for the more
general curvature situation.

The results we have found for the different wavenumber régimes for the general
curvature distribution are summarized in table 3 (G is as defined in the text
following equation (3.35)).

The wall mode which was discussed in §6 is in fact the counterpart of the
so-called ‘acoustic mode’ of the inviscid hypersonic instability theory of flat plate
boundary layers. The latter Rayleigh instability has been discussed by Cowley &
Hall (1990) and Smith & Brown (1990) for Chapman law fluids, and a limited
discussion of this mode for Sutherland law fluids can be found in Blackaby et al.
(1993). The acoustic mode and the wall mode discussed in §6 have the property
that they are concentrated in the wall layer where the streamwise velocity compo-
nent of the basic state varies from zero at the wall to almost its free-stream value.
The Rayleigh acoustic mode in general evolves in a quasi-parallel manner though
in the presence of strong shocks this is not necessarily the case. The wall mode
discussed in this paper evolves in a non-parallel manner and becomes progres-
sively concentrated towards the edge of the wall layer as the local wavenumber
increases.

When the wavenumber of the vortex becomes O(1) then the disturbance mod-
ifies itself so as to become concentrated in the adjustment layer where the basic
state temperature adjusts rapidly to its free-stream value. The counterpart of
this mode in the Rayleigh instability problem is the so-called ‘vorticity’ mode
discussed for Chapman law fluids by Smith & Brown (1990) and subsequently for
Sutherland law fluids by Blackaby et al. (1993). We found in the present paper
that when the Gortler number G is as given by (3.27) with G* > @ and Q given by
(3.28), then the appropriate expansion of the disturbance field is given by (3.31).
Thus the mode has growth rate O(M 3/ 4) and the growth rate is given by the so-
lution of the eigenvalue problem specified by (3.32) subject to the condition that
Vo should vanish at 0,00. Figure 3 shows that the growth rate increases mono-
tonically from zero as the wavenumber increases and tends to a constant at large
wavenumbers. At large wavenumbers the growth rate can be matched onto the
parallel viscous mode growth rate when the vortex wavenumber becomes formally
O(M?3/8). We note here that the inviscid mode matches directly onto the paral-
lel viscous mode structure at sufficiently high Goértler numbers. This is exactly
the situation with the inviscid—viscous connection between temporally growing
Gortler vortices in incompressible flows and is a direct consequence of the fact
that the growth rate of the inviscid mode shown in figure 3 tends to a constant at
large values of the wavenumber. In the corresponding spatially growing problem
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Figure 23 Figure 24

{ l : \\\{ o(mM) //

\
\O(M—G/Z) 4
._‘/.\\ o(M) //,’

local Gortler
number

growth rate

—O(1)— |

oMY local wavenumber
O(MZ/S)

local wavenumber

Figure 23. The growth rate structure for Gortler vortices in hypersonic boundary layers. (a) The
near neutral régime; (b) the strongly unstable régime.

Figure 24. The neutral curve for Gortler vortices in hypersonic boundary layers. The dashed part of
the curve indicates that at the given wavenumbers the curve depends at zero order on non-parallel
effects. The vertical arrows indicate the size of the next order correction to the neutral curve; apart
from the régime where the wavenumber is O(M3/#) the correction depends on non-parallel effects.

for incompressible flows Denier et al. (1990) show that an intermediate region is
required to make the inviscid—viscous connection and indeed that the maximum
possible growth rate is achieved in that interval. We stress that this intermediate
régime has no connection with the non-parallel viscous mode discussed in §5.
The latter régime is appropriate only to the inviscid—viscous connection problem
at mildly supercritical values of G. In figure 23 we have sketched the dependence
of the growth rate on the wavenumber for the cases when the Gortler number
is mildly supercritical (i.e. when G differs only slightly from its value required

to overcome the strong O(M?3/2) curvature of the basic state) and the strongly

unstable case with G ~ O(M?3/2). The broken parts of the curve denote régimes
where the growth rate is given by a non-parallel calculation. In figure 24 we sketch
the neutral curve in the (local Gortler number)—(local wavenumber) plane. In this
figure we have indicated the corrections to the neutral curve associated with non-
parallel effects.

There are no available experimental results with which we can compare with
our calculations, this is because experiments at the high Mach numbers, say 10—
30, appropriate to our work are exceedingly difficult to perform. Thus for design
purposes it is fair to say that a theoretical approach is the only means at this stage
to predict the likely evolution of Gortler vortices in growing hypersonic boundary
layers. Current transition prediction methods are all based on some amplitude
growth criterion based on the linear growth of a disturbance. We have seen above
that for a realistic hypersonic boundary layer the régime where vortex growth
is likely to occur is the strongly unstable inviscid one. Hence in any transition
prediction method for a hypersonic boundary layer it would be appropriate to
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simply compute the local Gortler number and obtain the corresponding growth
rate from figure 3; this of course should only be done for wavenumbers less than
the neutral value associated with parallel viscous mode structure. However, it
should be noted that faster growing travelling wave disturbances might be more
important in the transition process.

Finally we close by making a few remarks about the results of §7 which con-
cerned the effect of gas dissociation and wall cooling on vortex growth. First let
us make a few remarks about the effect of wall cooling, since the most unstable
vortices correspond to the strongly unstable inviscid mode we concentrate on that
situation. In that case the main effect of wall cooling or real gas effects is to alter
the quantity B which fixes the scaled Gortler number above which instability
can occur. Figure 19 shows that for an ideal gas the effect of wall cooling is to
reduce B by a factor of about 0.5 when the wall temperature is cooled from its
adiabatic value by a factor of 10. We find that the eigenvalue problem associated
with (3.32) has the maximum value of § altered only by a small amount when
this happens so that at a given value of the Gortler number the growth rate is
increased by a factor of about 1.4 when the wall temperature is reduced by a
factor of 10 from its adiabatic value. By contrast real gas effects have a negligible
impact on the growth rate of the strongly unstable mode. Thus for example in
figure 19 we see that, at a fixed value of the cooling coefficient, B varies by only
about 10 % when the real gas model is used. Thus the critical Gortler number or
the disturbance growth rate is altered only slightly by real gas effects so it would
seem that any transition prediction method could quite sensibly ignore such a
complication; certainly the error associated with doing so would be negligible
compared with the inherent error of the prediction method.

We thank Dr Philip Wadey for his advice concerning the computations of §6 and Dr M. Malik for
comments regarding real gas effects. This research was supported in part by the National Aero-
nautics and Space Administration under NASA Contract no. NAS1-18605 while the second author
was in residence at the Institute for Computer Applications in Science and Engineering (ICASE),
NASA Langley Research Center, Hampton, VA 23665. This work was also partly supported by
NASA under Grant NASA 18107 and by USAF under Grant AFOSR89-0042.

Appendix A. Basic state properties

Listed here are various derivatives related to the basic state, which are used
frequently in the determination of the relative orders of the perturbation quanti-
ties.

(a) The temperature adjustment layer

f/ 1 _ n_ B
- :1_f(77) e, ‘=_<_T + // Td>=—M3/2+~--,
p=fm =gt v= g CTIR S T ) = g
(A1)
1 n B 1
- Tdn = ———M3/2 4 ... = — A2
?7,x 2.’IJT 0 n 2£UT + ) 77,y \/i'ET, ( )
i Bf"(n) M3/? ") 1
= — = cee — = L e A3
Yz 2zT M1 + ’ uy \/2_$_TM1+ ’ ( )
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vy = —(22) %21 — T’ /T)BM3/? + .. | &, = T /22T +---

0.0 9 no
or 0y Oxr 2x0n ’

Wy + 50y = —(22) "3/2[BM3/2 4+ gT' JoT —*T'] 4 - - .

(b) The wall layer
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Appendix B. Expressions for a; appearing in (4.20)
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In these equations, W3 and W are given by
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Appendix C. Expressions for b; appearing in (6.9)
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In these equations, W and W3 are given l‘)y
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